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BBenenue

Hacrosiuuii npakrukym 10 soicieii maremaruke (Juddepenuunasnbuoe
ucunciaenne GyHKIuil HECKOMLKUX TTEPEMEHHBIX) ABJISETCS MPOJOIKEHUEM TIPe-
JBIIYINETrO MOco0ms Tex ke aBTopoB "uTerpaspHoe ucuncienne MyHKIUH 01~
noit nepemennoii" (IlpakTukym 1o Boicuieil Mmaremaruke). OH OXBATHIBAET 4ACTh
yuebHOro Marepuasia BTOporo cemecrtpa. Ilo Kaxkoii Teme TpPUBOAATCS OCHOB-
Hble TEOpeTHYeCcKHue CBeleHus (oupejenenus, Teopembl, GOpMyJibl), HEOOX01uU-
MBI€ JIJISI PEIeHusT 331a49, PACCMATPUBAIOTCS TUIMOBBIE 33Ja9¥ C TOIPOOHBIMHU
PEIeHNSIMHU, PEKOMEHIYIOTCS 33Ja4Ud [IJIsT ayJUTOPHBIX 3aHATHH W CaMOCTOSI-
TeJIbHOI paboThI 3 cOopHUKA 3a1a4 [8,9]. B mpuusToit HymMepaiwn dbopMyJ mep-
BOE YHCJIO YKA3BIBAET HOMED 3aHATHUs, BTOpoe — HOMep dopmysibl. Hymeparus
TeopeM, IPUMEPOB W PUCYHKOB anajormyna nymepamuu dhopmysi. B kadecrse
00pasua IPUBOJILATCA [IBa BapuaHTa KOHTPOJIbHON paborbl 1o reme "ludde-
pPEeHInATBHOE UCUYnCIeHre (DYHKIWI HECKOJbKUX MEPEMEHHBIX", OMH U3 HUX C
mopobHbIME perenusiMu 331a9. OCHOBHOE BHUMAHUE YIEJIEHO 33aJa4aM, CIIO-
CODCTBYIOIUM ySCHEHUIO (DYHIAMEHTAIBHBIX MOHATUHNH W METOJOB BBICIIEH Ma-
TEMATHKH.

3ausitTue mepBoe

Tema: "TIOCJIEJOBATEJIBHOCTU TOYEK II-MEPHOTI'O
ITPOCTPAHCTBA. ITPEAEJI ITOCJIEAOBATEJIbBHOCTHU. ®YHKIINN
HECKOJIBKUX IIEPEMEHHBIX. OBJIACTD OIIPEJEJIEHN A
" OBJIACTb 3HAYEHUM ®YHKIIUU. IIPEJAEJI ®YHKIIUN.
HEITPEPBIBHOCTB."

OcHOBHBIE TeopeTn4YeCKunue cBeageHnd

Touxot x N-MepHo20 NPocmpaHcmea Ha3bIBAIOT YIIOPAJOYECHHYIO COBOKYII-

HOCTb N JEeACTBUTEJIbHBIX YucCes (X1, Lo, ...,T,) = x. YUCIO T; HA3BIBAIOT i-it
KOOPJUHATON TOYKH X, ¢ = 1,n.
Paccmosmue mexy nByMs TOUKAMU & = (T1,...,Tp) 1Y = (Y1,--,Yn)

ompeienisgercs mo popmyae

ple,y) = /(@ — 90 4 (0 — ) (1.1)



COBOKYIIHOCTb TOYEK TM-MEPHOI'O IPOCTPAHCIBA, [Jisd KOTOPBIX OLPEIEIEHO
paccrognue coriacHo dopmysie (1.1), HA3LIBAIOT N-MEPHBIM APUPMEMUUECKUM
€6KAUIOBHBIM TPOCTNPAHCMEOM T 0003HATAIOT depe3 R™.

Paccrosane Mexxay TOYKaAMU B N-MEPHOM €BKJIMIOBOM IPOCTPAHCTBE 0OJa-
JIaeT CBOHMCTBAMM:

1° p(z,y) > 0, npuvem p(z,y) = 0 <= = = y.
2° p(z,y) = p(y,x) Vzmy € R
3° pz,2) < plz,y) +ply, 2) Yz, y,2 € R™.

I[Mycrs & € R™ u ¢ > 0. CoBOKyIHOCTh BCEX TOYEK Yy mpocTpancrBa R™,
Takux, 4ro p(z,y) < €, Ha3bIBAIOT N-MEPHbIM ULAPOM C LEHTPOM B TOYKE T U
DAJINYCOM € WJIN E-0KPECTNHOCIbI0 TOUKN & M 0603HAUAIoT Yepe3 V (z;¢); Takum
obpazowm,

V(zie) = {y:y € R" p(z,y) <e} . (1.2)

Touky = € R™ Ha3bBalOT Moukoli npukochosewus MHOx)ecrBa D C R",
eciu 1t00ast OKPECTHOCTD 9TOH TOYKHU COAEPIKUT IO KpaiiHeir Mepe OIHY TOUKY
MHOYXKecTBa D.

Ecnn y Toukn x € D cyIiecTByeT OKPEeCTHOCTh, HE COMEp Kalllas HUKAKUX
JPYTUX TOYEK MHOXKECTBA D), KpOM€ CaMOil TOYKHU T, TO Ty TOYKY HA3BIBAIOT
U30AUPOBAHHOT MOYKOT, MHOXKECTBA.

Touky = € R™ nazpiBaior npedeavroti mowkoti MHOXKecTBa D, eciu siobas
OKPECTHOCTHh TOYKHU X COJEPKHUT 10 KpaiiHeil mepe O/Hy TOYKY MHOxkecrBa D,
OTJINYHYIO OT X .

[IycTh KaXKIOMY HATYPAJBHOMY GHUCIY 17 TOCTABJIEHA B COOTBETCTBUE HEKO-
Topas Touka z(™ € R". Toraa mmoxecrso {z(™}, m = T, 00 nassmsaior
n0cAed08AMENBHOCNHIO MOYeK TPOCTPaHcTBa R™.

Touky x € R™ HazbBaior npedesom nocaedosamesbHOCU {:r,(m)},
m = 1,00, ecim

lim p(z(™,z2) = 0. (1.3)
ITummyT
lim 2™ =z . (1.4)

Ecm lim 2™ =2, To TOBOPSAT, €TI0 TOCIEIOBATEIBHOCTD —TOUYEK

m—0o0

{zm) } . _ 1= CXOmMICH K TOYKE I M STy LOCIEAOBATENLHOCTH HA3BIBAIOT
cxo@mqeﬁcxi

Beskas € -OKPECTHOCTb TOYKU T COJEPZKUT BCE TOYKH JAHHOM CXOJdlencs
TOC/IeIOBATETLHOCTH, 33, HCKIIIOUEHHEM, OBITH MOYKET, OTIPeIeICHHOTO TNCTA UX.

Toustue npesena noceosaresuoctn { (™) }. . _ = TOUEK MpOCTPAaHCTBA
R™ MoXeT ObITH CBEIEHO K TIOHATHIO TTPEIeIa lII/IC.J'[OBI:I;( MOCTIeTOBATEIHHOCTE
koopanuar Todek (™), m = 1, co. Crnpasemmsa
Teopemal.l. Jlgg Toro 9ToObI MOCIEI0BATEIHHOCTE {x(m)} ,m = 1,00,



z(m — <x§m), e ,x%m)> € R™ cxogunach K Touke & = (x1,...,%,) € R™, Heob-

XOIMMO U JOCTATOYHO, ITOOBI

lim ™ =2, i=T,n. (1.5)

Cxopsimpecst moCJIeI0BATEILHOCTH TOYEK 00JIaJal0T CBOHCTBAMM:

1° Ecnu mocnemoBaTeIbHOCTh TOUEK UMEeT TIPees, TO OH e INHCTBEHHBII.
2° Ecau nociaeposarepuocts (") = (xgm)7 . ,x%m)), m = 1, 00, cXouuTcs, TO
OHA OrpaHMYeHa, T.e. cylecTByer n-mepubiii map V (0, &) Takoit, 4ro

{x(m), m = 1,700} c V(0,¢e).

IIycts D — nmpow3BoiIbHOE MHOXKECTBO TOYEK mpocrpanctsa R™.

Ecin kaxpoit touke ¢ = (x1,...,&,) € D craBurcd B COOTBETCTBHE 110
KaKOMY-TNO0 3aKOHY HEKOTOPOE BIIOJIHE OMPEIEIEHHOE JeHCTBUTETHFHOE THUCIIO
u= f(z) = f(x1,...,2,) € R, TO rOBOPAT, YTO Ha MHOXKecTBe D 3a/aHa wucao-
easa pynkyusa f: D — R OT n MEPEMEHHBIX X1, ..., Ty.

MuoxkecrBo D Ha3bBaOT 004acmblo onpedeaenus (cyuecmeosanus) byHK-
mwn, a maOKecTBO F = {u € R:u= f(z),z € D} obaacmovio snauenut Pymrx-
yuu u = f(x). lpn n > 1 unciaobie GyHKINN HASBIBAIOT GYHKUUAMU HECKOAb-
Kux (Mrozuz) nepemennvix. B ciaydae n = 2 Bmecto u = f(x1, xo) IHUIIYT TAKXKe
z = f(z,y), B ciyuae n = 3 BMecro u = (1,22, 23) — Takke u = f(x,y, 2).

Kaxmoit dbyukuuu v = f(x1,...,2,) 7N ODEPEMEHHBIX I1,...,~T; COOTBET-
crByer ee rpaduk B 1 + 1-MEPHOM IIPOCTPAHCTBE TOYEK (ZL1,...,Tn,u). Muo-
xKecTBO Touek npocrpancrsa R suna (z1,...,z,, f(2)), * € D naspBaior
epagpurom Pynryuu f. Ppadukom dbyHRINM 18yx nepemeHunx z = f(x,y) sB-
JIAETCS MOBEPXHOCTH. MHOXKeCTBO TOUeK * = (X1, ...,&,) OPOCTpPaHCTBA R™
yJ0BJIeTBopgaomux ypapueuuto f(x1,...,x,) = C, rne C' — HeKoTOpas MOCTO-
SIHHAS, HA3BIBACTCA MHONCECNEOM YPOSHA PYHKUuY [, COOTBETCTBYIOMIAM JAH-
nomy 3uadenuto C. B ciydae n = 2 MHOKECTBO yPOBHsI HA3bIBAETCS TAKZKE
AUHUET YpoeHA, B CIyIae N = 3 — NOBEPTHOCMBIO YPOEHA, & TIPU N > 3 — 2u-
NEPRoBEPTHOCMBIO YPOSHA.

IIycts dbynkmus f onpenenena na muox)kecrse D C R™, D1 — HEKOTOpOE O~
MHOKeCTBO MHOKecTBa D u (0 — npenenabHas Touka MHOXKecTBa Dq. Hucno A
HABBIBAIOT npedesom dynryun f no muoscecmey Dy B Touke (0 (mmm, aro To
e, Ipu &, cTpemsameMes K 2°), ecm Ve > 0 35(e) > 0 Takoe, uro Vo € Dy,
x # 20 p(z,2(?) < §(¢), sumonnserca nepanencrro |f(z) — A| < . B atom
CJIy4ae MUIyT

lim flz)=A4A. (1.6)
z—20) zeD;

Ecmm A = 0, To QyHKINIO HA3BIBAIOT OeCckOHEUHO MaAOT TIO MHOKECTBY D

B Touke z(0).



Anajiornyso ciydaro GpyHKUUMU OJHOM [I€PEMEHHOM, s IpeaesioB pyHKUUi
HECKOJIbKMX TIePEMEHHBIX MO MHOXKECTBY CITPABEIJINBBI COOTBETCTBYIOIINE TEO-
PEMBI O TIPeJIesIax CyMMbl, IPOU3BEIEHUs U YaCTHOrO.

Oyukuus f, onpenenennas Ha MHOXKecTBe D C R™, Ha3bIBACTCS HENpepbLe-
noti 6 mouxe x(°) € D no muoxkectBy D, eciu st mo6Goro € > 0 cymecTByeT Ta-
koe d(g) > 0, uro ayis Beex x € D, yaosiersopstomux yeaosuio p(x, (0) < §(e),
BhImONHsIeTCs HepasencTso |f(z) — f(z(V)] < e.

Eciu Touka z(0) gpisercs W30JIUPOBAHHON TOYKONW MHOXKecTBa [, TO B 3TOI
Touke (pyHKIUs [ BCErIa HEMPEPbIBHA.

Eciu 2xe touxa (0 apisiercs npenenbroit jis Mmuozkecrsa D, To

lim  f(x) = f(z') (1.7)

z—2z0), z€D

U
lim Au=20,
p(z,z(0)—0, z€D
e Au = f(z) — f(2(%)) — npupamenne dbynkmmn B Touke z(?), coorser-
CTBYIOIIEE M3MEHEHUIO apryMenta or Touku z(0) = (x(lo), . ,x;‘))) IO TOYKH
= (z1,...,2,), p(z0,2) = \/Az} + ... + Az2, Ax; = z; — xl(-o), i=1,n

Crpaseminsa
Teopewma 1.2. Bcakas snemenrapuas GbyHKIHs JTI000T0 YUCIA TEPEMEH-
HBIX HEMPEPBIBHA B KAXKIOM TOUKE 0OTACTH CBOErO OMPEIETCHMUSI.

OyHKUMIO f Ha3bIBAIOT HEIIPEPBIBHON HA MHOXKeCTBE D, eciid OHA HElpepbIB-
Ha 10 3TOMY MHOYKECTBY B KasKIIOil €ro TOUKE.

@yukuys f(z), onpeenennast Ha MHOXKecTBe D C R™, Ha3bIBaeTCs pasHo-
Mepho nenpepuieroti wa D, ecu i oboro € > 0 cymecrsyer Takoe §(g) > 0,
9TO IJig JIOOBIX OBYX TO4eK ¥ € D, ' € D, yIoBIeTBOPAIONHUX YCIOBUIO
p(z,z") < §(¢), Boimonuserca mepasencreo |f(z) — f(z')] < e.

Ecnu Hekoropas ToUka He sIBISETCS TOYKOH HEMPEPBIBHOCTH (DYHKIIUH, TO €€
Ha3bIBAIOT TOYKOM pa3pbiBa MYHKINY, 8 (DYHKINIO — pa3pbiBHON. Toukn pa3phi-
Ba MOT'YT OBITH W30JIMPOBAHHBIMK, 0OPA30BBIBATH JIUHUU PA3PHIBA, TOBEPXHOCTH
pa3pbIBa U T.g.

Ilpumepsl pemenus 3agad

Ipumep 1.1. Haiitm obnacts onpenenenns GyHKIun 2z = /4 — 12 — y2.
Pewenue. OyHKIuA ompeneseHa, KOIJa IOJKOPEHHOE BbIPaXKEHHE HEOTPHIA-
renbHo, T.e. 4 — 12 —y? > 0 = 22 + 4% < 4. O61acTDb OIpeeSIeHIA — MHOKECTBO
TOYEK, HAXOAAIMXCS BHYTPH Kpyra z2 + y? < 4 u Ha ero rpaHwuIe.

IIpumep 1.2. Haiitu obnacts onpesenenus Gynkmuu z = arcsin(l — 22 — y?) u
n300pa3uTh ee Ha I0CKOCTH. ONpene/nTh JUHUN YPOBHS (DYHKITHH.

Pewenue. Ob6mactsb onpesenenus Haxoaures u3 yeaopusa —1 <1 — (22 +y?) <1



win 1mocie mpeobpaszoBanus —2 <
—(@®+9?) <0 =
= 22 +1? < 2. Beaxas OKpyzKHOCTD
22 + 9% = r? < 2 ecTh WHWUA YPOB-
Hsl, TaK KaK HA 3TOH OKPY’KHOCTH
(puc.1.1)
f(z,y) = arcsin(1 — 22 — y?) = const.
IIpumep 1.3. Haiitu obiacts onpesesienus: u JIUHUKA yPOBHS (DYHKINAA

x2+y2
x2_y2'

flx,y) =

Pewenue. ObnacTh ompesesieHns eCTh IIOCKOCTb ¢ MCKJIIOUEHHOH Iapoii mps-
MBIX y = 4z, T.K. 22 # y2. Beaxmit 1ya & = tcosa, y = tsina, t # 0, rae

3
a # ig + 27k, a # Iﬂ- + 27k, k € Z, ecTb UHWSA yPOBHS
2 cos? a + t2sin® a

f(tcosa,tsina) = = const .
t2cos? o — t2sin’ «

IIpumep 1.4. Haiitu obaacts onpemenenus: GpyHKIIANT

1

x,Y,2) = .
f@.9.2) V222 — 622 — 3y2 — 6

Pewenue. IIpeobpasyem momgkopeHHOE BbIpakeHne (MYHKIUHU. Y 9ATHIBAA, 4TO
MMOKA3aTe/Ibh CTEMEeHN KOPHSI YETHBI M CaM KOPEHb HAXOIWUTCS B 3HAMEHATE]IE
Jpodu, Oy UM

R TE
2

17273

(V)

222 — 622 — 3y — 6 > 0 wm <-1.

ITocieHee HEPABEHCTBO ONpee/deT YacTb R, PACIIONOMKEHHYIO BHYTDH JBY-
MIOJIOCTHOTO THIEPOOIONIA.

IIpumep 1.5. HaiiT npemennr:

. z? + y? .oty
) lim ; ) lim —— .
e—03/p? +y2 +1-1 -0 224y

y—0 y—0

0
Pewenue. a) Ipu x = 0, y = 0 uMeeM HEONPEIENIEHHOCTh BUIA o ITpeobpasy-

€M BbIpaKeHue 110/ 3HaKOM IIpejiesia, JJOMHOXKUB Ha HEeIOJIHbII KBa/IpaT CyMMbI

BbIpazKeHue (3\/332 +y2+1- 1):

Iy (22 + 4?) (3\/(x2+y2+1)2 —|—3\/322—|—y2+1—|—1)
lim = lim =

m—>8?;/x2+y2+1_1 xr— 0 ($2+y2+1)—1

y — y—0




= lim (3\/(x2+y2+1)2+3\/x2+y2+1+1) =3.
z — 0

y—0

6) Ilepeiigem K nosspHbIM KOOpAMHATAM € 10a0coM B Touke (0,0) : x = 7 cos @,
y = rsin . Oynkmus sin? ¢ + cos* ¢ orpanmuena, r = /22 + y2, Torma

4 4 4 4 . 4
=+ . r¥(cos ~+ sin . .
im — y2: im ( Ld - 2('0):11mr2(cos4<p+sm4<p):0.
=0T +y? =072 (cos? ¢ +sin’p) =0

y*)

2 _ .2
72 —
IIpumep 1.6. Jlokazarh, 9TO He CyIIecTByeT lim ziyz .
—_ z—0 +y
y e
Pewenue. IIycrs nepemennas M(x,y) — O(0,0) no npsmoit y = kx, rae k =

const, Torma

I z? —y? i I
im —— = lim =
c—0x2+y? o0 a2+ k22?2 14k
y—0 y—0

22— 2

r.e. bynkuus f(z,y) = o BJIOJIb BCAKOR OpAMOR y = ka COXpaHSeT Io-
T Y

CTOSIHHOE 3HAYEHWE, 3aBUCAIIEE OT yriioBoro koddduruenta k. Ilosromy mpu
crpemsieaun M (z,y) — O(0,0) no pasznudabiM OpaMbiM DYHKIMs OyIeT UMETh
Da3JIMYHbIE [IPEe/IeJIbHbIE 3BHAYEHUs, & ITO 3HAYUT, YTO npenesna B rouke (0,0) ne

cyliecTByer.

t
ITpumep 1.7. Haijitn B Toure M(4,0) npenen f(z,y) = &1

Yy
Pewenue. B mouke (4,0) f(z,y) He ompeleneHa. YMHOXKNB U DA3JEIUB Ty

dyukmuo Ha © # 0, momyanm

t t t t
lim 22 — tim z- 2 — lim oz lm 22 —4 . lim 2Y =1,
T — 4 Y Tz — 4 Ty r — 4 z—4 XY a—0 «
y—0 y—0 y—0 y—0
Ipumep 1.8. Hokazarb, uro B rouke M (0,0) byuxkuus f(z,y) = n npe-
Ty

JIeJia He UMEET.
Pewenue. Ucnonb3yem onpenenenue (1.4). Boibepem aBe n0C/ae10BaTEIbHOCTH

11 1
touek, cxopsammuecs K M(0,0) : M, <, > u M), (0, )
n’'n n
fony = —0 L i g,y = 2
= = — 1m n)— =< -
"+ 1/n 2 n—co Y2
/ 0 : /
F(M)) 0 = lim f(M])=0.

0+1/n n—o00
Wrak, 11 pa3IuYHbIX HOCTEI0BATEIHLHOCTEH TOUEK MOIYIeHbI PA3HBIE IIpe-

B touke M(0,0) e

JleJibl, cilefoBaTesibHO, npenena byukuuu f(z,y) = n
Ty



CYLIECTBYET.
IIpumep 1.9. HaiiTun TOUYKM pa3pbIBa, DYHKIIH:

) 2% 4+ 2xy + 10 ) 4
2= — U=——F".

y2—2r+1 2?24y —z
Pewenue.
a) YciioBue HENPEPbIBHOCTU JAHHON (DYHKLMU HAPYLIEHO B T€X TOYKAX MHOXKe-
cTBa R?, KOOPAMHATEI KOTOPHLIX YIOBIETBOPSIOT YpaBHeHMIO 42 — 2x 41 = 0 uim

2 2
yo 1 y- 1

T = 5 + ok Cute1oBaTeIbHO, TOYKHU Pa3pbiBa 00Pa3yIoT HapaboiLy r = 5 + 5

C OCbI0 CAMMETPHH - OChbI0 abciucec u Bepimuoit B 1.(0,5;0).

6) O®yHKuusg TEpPUUT pa3pPblB B KaXKJAOH TOYKE MapabOJIOUIa BpaIleHUs
_ .2 2

zZ=x°+y“.

IIpumep 1.10. Hokazarb, aro dyakuus v = = + 2y + 3 paBHOMEPHO Herpe-

PbIBHA HA ILJIOCKOCTH.

€
Pewenuve. 3Bapanum npoussosbuoe € > 0 u nomoxum J(g) = 3" Torna

VMi(x1,y1) 1 Ma(x2,ys), YAORIETBOPSIIONINX HEPABEHCTRY

p(Mi, M) = /(z1 — 22)% + (y1 — y2)2 < 8(¢)

OyyT BBIIOIHEHDbI HepaBeHCTBA |1 — x2| < §(¢€), |y1 — y2| < d(€) u, cienosa-
TEJILHO

|U(M1) 7U(M2)| = |£L’1 +2y1 — T2 — 2y2| S |£L'1 71’2| +2|y1 7y2| < 35(8) =£.

ITo onpeznenenuo 310 o3uadaer, 4ro GbyHKIus U (x,y) PABHOMEPHO HEIMPEPHIBHA
Ha IIJIOCKOCTH.

Bagauym OJid ayIMTOPHBIX 3aHATHUN

U3 cbopuuka 3agaq [6]: 7.1,7.9-7.15 weuernsie, 7.33-7.37 nedernbie, 7.45-7.49
HeYeTHBIC.

3agauyum AJISI CAMOCTOSTEJhbHOUN pabGoThl

N3 cbopuuka 3ama4 [6]: 7.2, 7.8-7.14 gyerHble, 7.32-7.36 dernble, 7.44-7.48 ger-
HbIE.

3ausitTue BTOpoOe€

Tema: "JACTHBIE ITPONU3BOJHBIE 1 YACTHBIE
ANPPEPEHIIUAJIBI. JUOPEPEHIIVMPYEMOCTDb ®YHKIINN
B TOYKE. ANP®PEPEHIINAJI ®YHKIVN. YACTHBIE ITPON3BOJHBIE
n JNOPEPEHIINAJIBI BBICIIINX ITOPAJKOB"

OcHoOBHBIE TeopeTn4deCKue cBeageHnd



IIycres B HEKOTOPOIE OKPECTHOCTH TOUKH (T, Yo) 330aHa (DYHKIUS IBYX Hepe-
MeHHBIX z = f(z,y). PUKCUPYS TTEPEMEHHYIO Y = Yo, NOMYIUM DYHKIMIO OTHOMN
nepeMeHHol x: z = f(x,yp). OOBIYHYI0 TPOU3BOAHYIO 9TOH (DYHKIMU B TOYKE
T = X HA3BIBAIOT wacmuol npousdeodnoti byuxkuuu f(x,y) B TOUKe (X0, Yo) OO

df(xo,y0)
2 1 0D03HAYAIOT Tepe3 B
TakumM o6pasom,
Of (x0,y0) def d f(x,90)
= 2.1
T=x(

nJIn

Of(z0,90) def lim Ayz

ox Az—0 Az’

rae Ayz = f(zo + Ax,yo) — f(20,yo) — npupamenue GyHKIUM MO IEPEMEHHON
x.
AHaJIOrMYHO BBOAMTCS 9aCTHAS MPOW3BOMHASA TI0 Y :

6f(m07y0) déf d f(x07y)
dy dy

(2.2)

Y=%Yo

W
Of def .. Ayz
— = lim ——
6y Ay—0 Ay

)

0
rae A,z — npupaienne GYHKINN 110 TepeMenHoit y. JInnefinsre byHKIMN 8—fdx,
: x

8—dy nepeMentbix dz, dy, (auddepeniuanos He3aBUCUMbIX IEPEMEHHbBIX) Ha-
Y

3bIBAIOT wacmuomu Jupdepenyuaramu Gyuruun f(,y) COOTBETCTBEHHO 110 1€~

PEMEHHBIM T, y§ M 0003HAYAIOT depe3 dyz = ——dx, dyz = =—dy.

or dy
AHaHOFI/I‘IHbIe onpegesieHud nMeroT MeCTO IJjid J'[IO6OI‘O qucjia repemMeH- HbIX.
Ecan byukuust u = f(x1, 22, .., T,) ONpenereHa B HEKOTOPOH OKPECTHOCTH

rouan 2©) = (27,2}, w0

ﬁf(:cgo), .. ,:c%o)) def df(xgo), . axz('(i)pfi»%('?r)p .. ,x%"))

2.

WA
Ou def . Ay u

k3

11m
ox; Azi—0 Ax;

)
rae

11— n

—f (x§0), e ,xgg)l,xgo),xl(-i)l, ces ,xglo)) .

Apu=f (xgo), . 733(-0)1,:650) + Ami7m§$17 .. ,x(0)> —
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Corulacuo oupenesenuio (2.3), yacruas upoussoptas GyHkuuu f 10 mnepe-
mennoit z; B Touke z(0) apasercs wmcmom. Ipn n3menennn roukn () m3mens-
€TCS W 3HAYEHWE YaCTHON mpom3BomHoi. Takum 006pasoMm, 4acTHYIO MPOH3BOI-
HyI0 OT QYHKIHH f MOXKHO PACCMATPUBATL KakK (PYHKIIHIO OT 71 TEPEeMEHHBIX
(xlax27 cee 7xn)'

Oyuxuuio v = f(z1,...,T,) HA3BIBAIOT 00HOPOdHOT dynkyueld crenenu m
(mokazaTesb OJHOPOIHOCTH), €CIH A JII0OOTO meficTBUTeNbHOro uucia ¢ # 0
CIIPABEJIJIMBO PABEHCTBO

fltzy, tae, ... tey) =t f(x1, 20, ..., Ty) . (2.4)

Ecan ognoponuas crenern m dyskuus u = f(x1,...,T,) AMeeT 4acTHbIE
NPOM3BOJHBIE MO KAXKIOH MEPEMEHHOM, TO BBINOIHAETCA TOXKAECTBEHHOE DABEH-
crBo (Teopema Jiliepa)

xlfglgl (xl,...,xn)—l—...—&—xnf;n (1, xn) =mf (x1,...,2,) .
Yacrustit nuddepennuan dg,u onpejesercs 1o dopmyJie

dz.udéfﬁ

; o1, dx;, , —oo <dzx; <400, (2.5)

rae dx; — duddepenyuan Hezasucumoti nepemennoti x;.

IIpu BBIYMCIEHUM YACTHBIX MPOU3BOAHBIX IONb3YIOTCA MPABUIAME BbIYHC-
JieHusi OObIYHBIX [POM3BOAHBIX, TaK KAk B Opasbix uwacrax (2.1), (2.2),
(2.3) — OOBIKHOBEHHBIE TPON3BOHBIE.

IMycrs dbyuxnus f onpejesiena B HEKOTOPOH J-OKPECTHOCTU TOYKH (X, Yo )-
DyHKIMIO ABYX NepeMeHHbIX z = f(x,y) HasbBaioT duddepenyupyemoti B TOUKE
(z0,Y0), eciu cymecrBytor Takue asa ducia A u B, 9ro noamoe mpupauierue
Pynxuyuu Az = f(xg + Az, yo + Ay) — f(x0,yo) UpeacraBumMo B Buie

Az = AAx + BAy + e (Az,Ay) p (2.6)

rae opu p # 0, lir%a(Aa:,Ay) =0,p=+Ax2+Ay2 <6, Az = x — xp,
s

Ay =y —yo-

B ciayuae nuddepentupyemocru dynukuuu f B Touke (xo,yo) JAuHeliHas
dyukuus AAx + BAy nepemennbix Az u Ay HasbiBaercs duddeperyuanom
dbyuxmu f B TOuKe (20, Yyo) M 06O3HAUAETCS Yepe3 dz. Takum oGpaszoM,

dz = AAxz + BAy unu dz = Adx + Bdy . (2.7)

CrpaseainBbl

T eopema 2.1. (Heobxomumbie ycioBusi auddepeHupyemMo-

cru). Eawm dbyukuus z = f(z,y) auddepenuupyema B Touke (zg,yo) u

dz = Adx 4+ Bdy — ee nuddepenuuain B 310it TOUKe, TO B TOUKe (X0, Yo) PYHK-

nusa f menpepbiBHA U A = 0f(@o, y0) , B= 0f (0, 90) :
Oz dy

11



Canepngcrtsue Eowm dbyukuua f(x,y) nuddepenuupyema B Touke
(20,Yo0), TO OHA MMeeT eqUHCTBeHHbIH nnddepenman
of f _
dz =50 ——dx + = Dy uinm dz = dyz +dyz . (2.8)

Teopewma 2.2. (Hdocrarounoe yciaoBue guddepeHnInpyeMoCcTH).
IIycrs dynkuusa z = f(x,y) B HEKOTOPOH OKPECTHOCTH TOYKU (Zo,Yo) UMEET

YaCcTHBIE TTPON3BOJIHBIE —— W ——, KOTOPhIE HEMPEPHIBHBI B caMoit TouKe (Zg, Yo );

ox Oy’

Torna pyHKua auddepeHupyemMa B 3TOH TOUKe.

DOyukuuio f(x,y), nuddepenuupyeMyo B KaxK 10l ToUKe MHO)KecTBa D, Ha-
3pIBalOT dudeperyupyemoti na mroxcecmee D.

Onpenenenns u yTBepxkKaeHus, CHOPMYJIUPOBAHHBIE 31€Ch IJisi (DYHKIIUU
JIByX TMEPEMEHHBIX, MEePEHOCATCs U Ha, caydail dyskuuu v = f(x1, X9, .., Tyn)
n}(0)60r0 9HCJIA N TEPEMEHHBIX, OMPEIEIEHHON B HEKOTOPOH OKPECTHOCTH TOYKU
z(©),

s noanozo npupauenus u  Jupdepenyuasa QGYHKIMH B TOYKE

20 = (xgo), . ,ng))) CTIpaBeITIBEl (POPMYIIBI
Au=f () +Aay, 2?4 Awy) — f (2, a0)
(2.9)
of of of
d ——dry + =——dry + ...+ ——dz,
U B N A T g,

¥ TIPU JOCTATOYHO MAJOM p = \/Axl +...+Az2, rae Az = a1 — Igo)’ ey

Az, =z, — 335?), ISt mxlcb(bepeHuI/IpyeMon byurupn v = f(zq,...,2,) UMerOT

MECTO TPHUOJINKEHHBIE PABEHCTRA!

Au = du,

f ( © 4 Axq, ... ,x%o) + Axn> ~f (asgo), e ,zﬁl‘))) + df (zgo)’ e ,:cg())) .

(2.10)

IMycrs 3anana dbyuxuus f(r,y) u HaliJeHbl ee YaCTHbIE MPOU3BOHbIE

0f(z,y)  9f(zy)
ox dy

HA3bIBAIOT TaKXKE YaACMHBUMU 'I'LpOUSGO()HTzLMU 1-20 nopﬂdvm.
YHacrubre TPOU3BOAHBIC IO ' WU Y OT YaCTHBIX TPOU3BOJHBIX 1-ro IopdaaKa

kak Gyskmun z,y € D. YacrHble mpowsBogabe [, n Iy

of o
P o Ha3bIBAIOT YACTIHOLMU TPOUSE0OHBLMU 2-20 NOPAJKG W O0OO3HAUAIOT
x
82 f 82f f’l 82f f/l 2f
COOTBETCTBEHHO Yepe3 —= HJIH WiIn wim WK
Ox? 2 9oy T Oyox v Gy2
17
Fyy-

Takum obpazowm,

0% f v def O (8]‘) -0 v def O (8]‘) .

9 = = g \ow) 7 Baty ~ I = oy \os
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(2.11)

62f i def O (c’)f) 9% v def O (c’?f)

Ay v 9y \ Ay 8y8m vt B Oy

ITomoOHBIM Ke 00pa30M OMPEeIesIsIiOT U 0003HAMAIOT YACMHBLE NPOUIBOTHBLE
3-20, 4-10, 5-10 ¥ T.7. OPAAKOB. JaCTHYIO MPOU3BOIHYIO IO 000 U3 HE3aBU-
CHMbBIX HE€PEMEHHBIX OT YaCTHOH 1pousBoaHoi (m — 1)-ro nopsiaka GbyHKuuU
flz1,...,zy), n=2,3... Ha3biBAIOT wacmHOl NPOU360IHOT M-20 NOPAJKG.

YacTHy0 TPOM3BOMHYIO, TMONYUEHHYIO muddEepeHInpOBAHNEM IO DAY~
HBIM TEPEMEHHBIM, HA3bIBAIOT CMEUWGHHOT 4acmuot npou3sodnot.

KommgecTBO 9acTHBIX TPOU3BOAHBIX OT (DyHKIMHU f Mpy yBEIUIE€HUN 1M, OUe-
BuiHO, pacteT. OJHAKO TPU HEKOTOPBIX, YACTO BBITOTHSONIIXCS YCITOBHAX, MHO-
rUe CMEIIAHHBIE YAaCTHBIE TPOU3BOIHBIE [0 OJHUM U TEM K€ IePEMEHHBIM COB-
MaJaloT, T.€. He 3aBUCAT OT MOPSAAKa AuddepeHnnpOBaHSI.

Crpaseminsa
Teopewma 2.3. Ilycrs cbyHKunﬂ A (x Y) OIpeJesieHa BMECTe CO CBOM-
MU YaCTHBIME POU3BOJHBIMHU [, ny, fyr B HEKOTOPOM OKPECTHOCTH TOUKH

"

"
(20, y0), npuyem fxy u fy HereprBHbI B 9TO¥ TOYKE; TOTJA fw = fya-
U3 reopembr 2.3 ciemnyer, 9To m-s CMEIIAHHAs YacTHAs OPOU3BOAHAsA (IpU
YCJIOBUU CYLIECTBOBAHMS M HEIPEPLIBHOCTH YACTHbLIX IIPOU3BO/HBIX) HE 3ABUCUT

OT HOpAaKA auddepeHIupoBaHusi, T.€. CHpaBe,Z],JII/IBbI CJIEYTONIUE PABEHCTBA:
" 1" 11 " (4)

fly - fyz’ f.LyL = Jyza = wzy’ YTy — f zryy W T..

IMycrs dyukuus z = f(x,y) uMeer HENPEPHIBHBIE YACTHBIE TIPOU3BOIHbIE J10
M -0 NOPSJIKA BKJIIOYATEHHO.

Juddepenyuanom 2-20 nopadka, KoTopblii 0bozHauaercs yepes d2z, Ha3blBa-
o1 nuddepenman or ee 1-ro guddepennuaa, pacCMaTPUBAEMOr0 KaK (DyHK-
W0 HE3ABUCUMbIX TIEPEMEHHBIX T,Y, TPU (PUKCUPOBAHHBIX dx u dy, T.€.

2, def _ af of 9% f *f 37 2
dzd(dz)d(a +6ydy 82d —i-Q—aa ddy+82d . (2.12)

Huddepenmnuan 2-ro mopsaaka uMeeT ocoboe 3HaYeHne sl TPUTOKEHHIA.
Amnasiornuno onpenensercs duggepenyuan 3-20 nopsadra:

def 0% f 0% f 0?
d3z:d(d2z):d<a2d +2aadxdy+a2d2

_Pf »f O3 f »*f

= oo3da” +35- 25y 2dy+38xay2dxdy2+87y3dy3. (2.13)

Boobue, d™z = d (d™'z).
Hudpepernyuan m-20 nopadka byuxkuuu z = f(x,y), rue x, y — HE3aBUCUMbIe
IepeMEHHbIE, BHIPAKAIOT CHMBOJIAIECKOH (HPOpMyToit

d"z = <aadx+ aaly) 7
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KOTOpas (POPMATHHO PACKPBIBACTCS IO OMHOMUATIBHOMY 3aKOHY,
k —k
My = Z ™o ka — kdx dy™ ™" . (2.14)

Yucna CF, B pasenctse (2.14) ozragaror xkoaddunuents: 6mroma Heotona (ko-
JIMYECTBO COYETAHWIA U3 1M JIEMEHTOB 10 k), T.€

|

m!

ck = ———
™okl (m = k)!

ITono6ubIM ke 06pa3oM ompenensiorcs auddepeHHaibl 2-ro mopsaaka d2u,
3-ro nopska d>u u, Boobiie, m-ro nopsaaka d™u dyskmun u = f(r1,...,2,) 1
HE3ABUCUMBIX TIEPEMEHHDBIX X1, L2, . .., Lp'

d*>v  =d(du) ,
By =d (d2u) ,

d™u =d(d™ ) .
Onddepentman m-ro nopsiaka dyukimn u = f (z1,...,%,) BbIpayKaeTcs
CUMBOIMYECKOi (hOpPMyJIOit

dm 0 —dx;+ ...+ 0 d mf (2.15)
u = x —dx , .
dry oz, "
KOoTOpasg (POPMATHHO PACKPBIBAECTCS IO OMHOMUATILHOMY 3aKOHY.
Ilpumepsl pernieHus 3ajgad

ITpumep 2.1. Haiitu yacTuble npoussoauble GyHKIME z = 6 — 22y + 5e”.
Pewenue. PaccmarpuBas y KaK MOCTOSIHHYTO BEJUYUHY, TOJLYIUM

0z /
B = (6 — 2%y + be®) = —2xy + 5e*
PaccmarpuBast & Kak TIOCTOSTHHYIO BEJIWUNWHY, HalIeM
0z 2 Y 2
a—y— (6—3’3 Yy + Se )y——x .

IIpumep 2.2. HaiiTu gacTHble IPOU3BOAHDBIE U MEPBbIN Auddepennna:

) u=a%siny+cos(zy?) ; ) u=21"—3y' +ayz.

Pewenue.

a) Haiinem gacTHble IPOU3BOIHBIE:
ou ou
— =2zsiny — y?sin(zy?), — = z%cosy — 2xysin(zy?) .
Ee y =y sin(zy”) 9y y — 2aysin(zy”)
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Coruacuo dopmydie (2.7) anuwem auddepennuas:
du = (2zsiny — e sin(xy2)) dz + (x2 cosy — 2xy sin(:cyQ)) dy .
6) Haiizem dacTHBIE TPOU3BOIHBIE:

Ou _ gty
— =5z z

ou ou
=~ _—_12 3 -
dy = Yy zy, 0z zy,

Torga du = (5x4 + yz) dx + (xz — 12y3) dy + zydz .

15



IIpumep 2.3.
0 0 0 .
£+y£+2£ =3, ecm u = 111(:U3+y3+23’—3xyz).

Pewenue. Haiimem gacTHBIE TPOU3BOIHBIE:

Ilokazarp, 91O T

ou 3z — 3yz ou 3y? — 3z

Or 23 4+yd+23—3wyz Oy a3 +yd+ 23 — 3ayz

)

Ju 322 — 3zy

&7x3+y3+z3—3xyz;

ou ou ou 3 (x3 —ayz+yd —ayz + 23 — a:yz)

x8x+y8y+zaz 23 +y3 + 2% — 3wyz
0z 0z u
Ilpumep 2.4. TlokazaThb, 9TO xa— + ya— =2y + z,ecom z = xy + rew.
4 Y

Pewenue. Haiimem gacTHBIE TPON3BOIHBIE:

’_ v, vl Y _ x1
Z, =Yy+er txer <_ﬁ>’ zyfx—i—:vez;.

IloxcraBisis ux 3HaYeHuss B JJAHHOE BHIPAYKEHUE, MOy IUM
0z 0z ¥ Y v
T— +y— = (nyr:z:ew fyew) + (xy+yew> =
dy
=y + (:cy—&—e%x) =ry+z.

IlIpumep 2.5. TlpoBepuThb CHpPaBEIIUBOCTH TEOPEMbI Jditjiepa 00 OTHOPOTHBIX
(2.4) dymrkmmax, ecmm z = 22 + by?x — 4y°.
Pewenue. Jlannas byHKIUS SBISETCS OIHOPOIHON CTEMEHU 3, TAK KAK

(tz)® + 5 (ty) te — 4 (ty)* = £* (2 + 5y’z — 4°) .
CornacHo Teopeme Ditepa JOTKHO BBIMOTHATHCS PABEHCTBO

zfo(x,y) +yfy(z,y) = 3f(z,y) . (2.16)

JeficTBUTe/IbHO, HAXOJMM YACTHBIE NPOM3BOAMbIE fy, fy U HOJCTABIAEM UX
BhIparkeHust B (2.16); nveem

fr =32 +5y>, f; =10zy — 12y,

T (33&2 + 5y2)+y (10333/ — 12y2) = 323 +5xy?+102y* —12y> = 3 (x3 + 5ay? — 4y3) .

IIpumep 2.6. Haiiru nnsa dyukuun z = 522 — xy + 3y% + bz + 2y — 1, nonmnoe
mpupainenue u nonusiii quddepennuan B touke (1,2) mpu Az = 0,1; Ay = 0, 2.
Ouenuth abOCOMIOTHYI0O W OTHOCHUTEIBHYIO TOTPENTHOCTH, JOMYCKAEMbIe TIpH
3aMeHe mpupalieHus QyHKIun ee audepeHnaiom.
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Pewenue. Az = f (x4 Az, y+ Ay) — f(z,y) =5 (z + Az)® — (z + Az) x
X (y+ Ay)+3(y+Ay)° +5(x + Azx) +2 (y + Ay) — 1 —52% + 2y — 3y® — 5o —
—2y+1=10zAz +5Az? — Ay — yAz — AzAy + 6yAy + 3Ay? + 5Az +2Ay |
0 0
dz = a—idw—l—afgdy: (10z —y +5)de + (6y —x+2)dy .
[Moxcrasisis B Boipazkenue Az u dz 3nadenus x = 1;y = 2; Ax = dx = 0,1;
Ay = dy = 0,2, monyunm Az = 4,5udz = 3,9.
A6comornas norpermHocTh |Az —dz| = 4,05 —3,9 = 0, 15, a orHOCHTE/IbHAS
Az —dz 0,15
=-"— ~0,037.
Az 4,05 ’
IIpumep 2.7. HaiiTu npousBoaHbIE 2-TO MOPsAIKA, ecan u = 27V,
Pewenue.

TIOTPEITHOCTD

0 0 0
g R zZ%Yylnz , Y s = 2 n 2 , au _ zyz*Y1
ox dy 0z

Teneppr HAXOAMM MPOU3BOIHDBIE 2-TO MMOPSIKA:

0? 0?
a—xz = (u))) = 2%yInz-ylnz = y>In? 2.2 aygz =227 (aylnz +1)
O () = (=Y ylnz +Inz (), =5 — 2701 1 Winz =
axayf(uz)yf(z )yy nz+ nz(y)yz =2z"lnz-zy-lnz+2"lnz =
N 0%u 0%u 0%u —
=2"nz(zylnz+1) ; &rc‘?yzayax; @ny(a:y—l)zy ;
0? 02
a—yz = (u;); = a:lnz(zxy); =22’z 2% ; 8:17(’1;2 =z (zylnz+1) .

IIpumep 2.8. llokazarp, uro dyHKIuA 2 = TP (Q) + yp (Q) VAOBJIETBOPSIET
EEE— x x

, 0%z 0%z ,0%2
YPaBHEHUIO T~ —— 422y +y“—= = 0, ecaiu ¢ u 1) nponusBoIbHBIE DYHKIIH
Ox? Oz 0y Oy
aprymeHra t = g.
T
Pewenue. Haitnem nepBble YacTHBIE TPOU3BOIHBIE, YIUTHIBAA, ITO t; = —%,
1
o
ty =

y y
Z, = @+ xpit, +yPit), = w—wi; —ywéﬁ ,

1 1
27y = Tty Tyt = T — U ydi—

Haiinem Bropbie npou3Bo/iHbIe, IOMHS, YTO €CJIU ¢ U ¥ (DYHKIMU apryMeHTa
t, To U @} n ), TakKe QYHKIMN apryMeHTa t.

/
" Yy Yy ! Yy / / ZUQ y2
Lo=el (%) -t (L) - Lol - G- vt (%) -
T

2 T z
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2 2
Yy oo Y,y y\Y 2y
*P% + ?Sot - ;@tt ( xg) 7/1tt ( *) 22 + 1y ?3 ;

" " 1 2 1 "

1 Yy "
zwy:(’zéz)y:_; oy 2% 21/)1515 ; @tt +wt + - wt“‘ %t

IloacTaBnsist B JaHHOE BBIpayKeHWe HaMAEHHbIE JAaCTHBIE MMPOW3BOJIHBIE, TO-
JIy9uM

2 Y3 2 Y2 2 Y3
y w22 22 . 4y 29 2y
@tt"‘ wtt'f‘iwt_? t_Twé 7¢tt+ @tt—’_iwt"_ ¢tt

IIpumep 2.9. Haiitu nonnabie nuddepennmanst 1-ro u 2-ro HOPALKOB i
bynkuun z = 32 — 5ry — y°.

Pewenue.
1-1i cnocob. Umeem z;, = 6 — 5y, 2, = —5z — 2y, Torma
dz = (6x — 5y) de — (5bz + 2y) dy
Haiinem BTOpBIE TPOM3BOIHBIE: zgx =6, z;’y = z;l = -5, z;y = —2, Torma

d d \’
d2z_(adx+ady> z—z d:c —|—+22 dxdy+z dy

= 6dz? — 10dzdy — 2dy>
2-1_cnocob.
dz=4d (3x2) —d(5xy) —d (y2) = 6xdx — 5 (ydx + zdy) — 2ydy =
= (6z — by) dx — (5bz + 2y) dy .
Onddepentmpys eire pas3 v TOMH, 9T0 dx W dy He 3aBUCSAT OT & W Y, TIOIYINM:
d?z = (6dx — 5dy) dx — (5dx + 2dy) dy =

= 6dz? — bdydx — bdxdy — 2dy?* = 6dx® — 10dzdy — 2dy>

IIpumep 2.10. Haiitu d3z, eciu z = €” cos y.
Pewenue. Haiimem dacTHBIE TPOU3BOIHBIE 3-T'0 MOPSIKA, IOMHS, 9TO OYePeI-
HOCTH AU (EpeHINPOBAHNS HE NMEeT 3HAUCHUST:

/ x ! T o3 .
Z/w/ = e Ccosy , ZV/ = —e7siny .,
[~ — T o3 — T .
Z/w”z = €7 Ccosy , Z%y = —e sy, Z?#/ = —€7 COSY ; »
— T — T o3 — x — 5T o
Zppr — € COSY , Za:wy = —ersimy , Zzyy = —€e"CosYyY , Zyyy =e'smy .

Ucnons3ys dopmyny (2.13) 3anuiiem:
A3z =e® (cos yda® — 3sinydady — 3 cos ydxdy® + sin ydy?’) .

Bagaum OJid ayIUTOPHBIX 3aHATHH
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W13 c6opuuka 3azxayq [6]: 7.55-7.63 neuernnie, 7.69; 7.79; 7.81; 7.87.
3agaum g9 CaMOCTOATEJbHOM paboThl
W3 cbopuuka 3azxaq [6]: 7.56-7.64 yernnie, 7.68; 7.76; 7.80; 7.82; 7.88.

3ausiTtue Tperbe

Tema: " TAPGOEPEHIIMPOBAHUE CJIOYKHBIX OYHKIINA.
NMHBAPVNAHTHOCTDb ©OPMBI ITEPBOI'O ANPPEPEHIINAJIA.
HEVMHBAPNAHTHOCTBb ©OPMBI JUP®PEPEHIINAJIOB BBICIIINX
MOPSIJKOB. IN®PEPEHIIMPOBAHUE HEABHBIX ®OYHKITWIL."

OcHOBHBIE TeopeTn4dYeCKunue cBeageHnd

Teopewma 3.1. Ilycrs dynkuun x(t) u y(t) onmoit nepemennoit auddepen-
LUpYeMbl B TOUKE to U MycTh T = x(tg), Yo = y(to). Ecin dbyskums z = f(z,y)
muddepennupyema B T0UKe (Zo,Yo), TO ciaokHag dyurims z = f(x(t),y(t))
onpeleseHa B HEKOTOPOU OKPECTHOCTH TOYKHU tg, UMeeT B Ty MPOU3BOJHYIO U 3T
POU3BOIHASA BBIUUCIAETCS O (hopmyITe

dz 0z dx 0z dy

e, Y 3.1

dt Ozx dt * Oy dt (3:-1)
WM, TIoapobHee,

df (x(to), y(to)) _ 9f(wo,y0)  da(to) + 9f (w0, y0) dy(to)
dt Ox dt Oy dt

Teopewma 3.2. Ilycre dbyukunu z(t),...,2,(t) OmHON TepeMeHHON
mnddepeHIIpyeMbl B TOUKE ty W MyCTh xgo) = z1(to), - - - 20 = Zn(to). Ec-
mu Gyukuus u = f(x1,...,x,) muddepennupyema B Touke (x(lo), . ,a:%o)), TO
ciaoxuasg Gyakuua u = f (z1(t),...,z,(t)) oupenesena B HEKOTOPOil OKpecT-

HOCTH TOYKH T, UMeeT B tg MPOM3BOAHYIO U 3TA MPOU3BOIHAS BBIYUCISETCS IO
dopmyne

du Oou dx Oou dx ou dx
— =l 22— (3.2)
dt Or, dt Ory dt Ox, dt
Teopema 3.3. Ilycrs B okpectnocru touku (0 = (:cgo),...,xﬁ?)),
sajana dynxmaa u = u(r,...,T,), a Ha HEKOTOpoM MHOKecTBe D; C RF -
bynkunu x; = x; (t1,...,tk), i = 1,n Takue, 4TO T; (t§0)7 . ,t,(co)) = xz(-o). Ecin
bynxmmsa u = u(x) = u(xy,...,x,) mddepenmmpyema B Toure z(?) u B Touxe
7
t(0) — (tgo), . ,t;o)) CYIIECTBYIOT YaCTHBIE TIPOM3BOTHDIE Wl’j =1,k i=1n,
J
(0) au
To caoxkuas byukuns u(x(t)) nmeer B Touke t\) gacTHBIE POM3BOIHBIE BT
J
j = 1,k, npuuem
ou " Oou  Ox )
=y — =, j=1k. (3.3)



Dopmyaa (3.3) Bbipaxkaer coboit  npasuao Judpepernyuposarus caoncHol
Ppynuryuu B obmeMm ciyuae. Ilpu srom Bepakenue s auddepenimaa 1-ro
nopsizika OyIeT UMETh TaKOli ¥Ke BUJI, KaK U B ciydae GyHKIuA U = (L1, ..., Ty)
HE3aBUCUMbBIX [EPEMEHHBIX I1,...,T, (cM.2.9) (csoticmeo uneapuanmuocmu
dopmbl quddepennuasa 1-ro nopsiKa OTHOCUTEIBHO BbIGOPA MEPEMEHHDIX )

du = ﬁdacl + &dxg +...+ ﬁdxn . (3.4)
0x1 0xo 8xn
NuBapuanTaocTs GOpMBI 1TepBOoro audpepeHnuaia mupoKO HCIOIb3YeTC s
pHU MPAaKTUIeCKOM Bblauciaennu auddepennuanos. Ecin u u v - dyHKIUN
HECKOJIBKUX IIEPEMEHHDBIX, TO UMEIOT MeCTO OOIIMe IPAaBUJIA HAXOXKIeHUs -
depeHITnaios:

1) dlu+v) =du+dv;
2) d(u-v) =udv+vdu ;

U vdu — udv
3y () = v
v v
Broipaxkenus st auddepeHnnaioB BbICIIAX MMOPSIIKOB CJIOXKHON (DyHKITUH,
BOOOIIE rOBOPsi, OTJIMYAIOTC OT BbipazkeHus (cm. (2.15))

0 0 "
d"u= | —dz1+... + —dx U
0x1 ox,, ’
rme ri,...,T, — He3aBHCHMbBIe nepemennbie. Hampumep, muddepennuan 2-1o
MOpsiZIKa BbIpazkaercs (hopMyJIoi

d*z, . (3.5)

) B 2 ou ou
2 2
du—<8$1dx1+...+axndxn> u+7{9x1d x1+...+7axn

AuddbepeHnupoBanne HeIBHBIX (DyHKITIHA

1. Ilycrb ypaBuenue F(x,y) = 0, rae F — muddepenuupyemas byHKIms
MEePEMEHHBIX & U ¥, ONpeeser § Kak (PyHKIUIO OT T, T.6. HesIBHYIO (DYHKIIUIO
y = f(x) nm y = y(z). Auddepenuupys seByio yacrs Toxgecrsa F(z, y(z)) =
0 KaK CIOKHYIO (DYHKIINIO OTHON EPEeMEHHON T, IOy InM

oF OF dy
8x+8y .dx_()’ (3.6)
OTKyIa
dy E!
- F 37)

ectm Iy # 0 B cooTBeTCTBYIOMEH TOUKE (T,Y).
IIpon3BoHbBIE BHICIIUX TIOPSIIKOB BHIUUCIAIOTCS TIOCIEI0BATEIHHBIM T de-
pennuposanueM (3.7) unn (3.6).
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2. Ilycrs ypasmenme F(z1,...,2,,u) = 0, rne F — nuddepernnupyemas

GYHKIMS TEPEMEHHBIX I1, ..., Ty, U, ONpPeaeaseT u Kak (DYHKIUIO HE3aBUCH-
MBIX HEPEMEHHBIX I1,...,Tn, T.6. HeaBHYIO GyHKumO u = f(x1,...,x,) win
u=u(x1,...,2,). Honunasg npoussoguas Gyukuuu F(xq,. .., x,,u) 00 nepeMeH-
HOU x; paBHA
oF OF O0u
+ = =0, i=1,n 3.8
Ox; Ou Ox; ’ R (3.8)
oF
ou oz,
OTKYy A — = , t=1n, 3.9).
YA oz, oF (3.9)
ou
oF .
eciu S # 0 B COOTBETCTBYIONIEH TOUKE (L1, ..., Ty, U).
u
Yacruble npousBogubie dyakuuu v = f(1,...,2T,) MOKHO HAHTH TaK¥Ke
myTeMm Bblumcienus nonuoro guddepenuuana dyuakuuu F(xq, ..., x,, u) u upu-
PaBHUBAsL €ro HyJIIO:
n
Z + —d (3.10)
OTKYy1a
OF
7dl‘i
d i=1 Oz
ou
C apyroi#t cTOpoHBI
" Ou
du = —dz; . 3.12
‘ 81'1' K3 ( )
i=1
Cpasuusas (3.11) u (3.12), monydaem
oF
ou Or; .
T%——aF y Z—l,n, (313)
ou
oF .
ecmn — # 0 B COOTBETCTBYIOIIEH TOUKE (1, ..., Ty, U).

ou

IIpousBoiHble BHICHIUX IOPs/IKOB BbIYUC/ISIIOTCH 1IOC/Ie0BaTe IbHbIM iudde-
penumposanveM (3.9) nin (3.13).
3. Ilycrb cucrema nByX ypaBHEHH

Fy (z,y,u,v) =0,
{ F2 (x7y7u7v) :0 " (314)

WMeeT PEIeHne T = Tg, Y = Yo, U = Ug, U = Vg, npudem byarmmn Fy u Fh
UMEIOT B OKPECTHOCTH TOYKU (g, Yo, U, Vo) HEIPEPLIBHbIE IPOU3BOJHbIE 1-r0
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MOPSIKA U STKOOHAH

oF, OF,
D(Fy,F5) ou ov 40
O

ou ov

B TouKe (Zg, Yo, Up, Vo). TOrIa B HEKOTOPOH OKPECTHOCTH TOYKHU (g, Yo, Uo, Vo)
cucrema (3.14) ompezessier €IUHCTBEHHYIO CHCTEMY HEINPEPLIBHbIX (DyHKIM
u(z,y) u v(r,y), UMEIOIIUX HENPEPbIBHbIE YACTHBIE IIPOU3BOJIHBIE U YyIOBJIE-
TBOPAIOIIUX yioBusM u(Zo, Yo) = Uo, V(To,Yo) = vo. duddepenuuanst srux
. Oou Ou Ov Ov

dbynkumit du m dv | a 3HAYUT, ¥ YACTHBIE TPOU3BOAHBIE —, —, —, — | MOXK-
oz’ Oy’ Ox 8y>

HO Ha#TU U3 CUCTEMbl YypaBHEHUN

%dm—k%dy—k%du—k%dvzo,

4. Tlycrs z = f(x,y) — QyHKUMSA HE3ABUCUMBIX NEPEMEHHBIX X U Y 3a/IaHA
napamMerpuyeckuMu ypasenusimu & = z(u,v), y = y(u,v), z = z(u,v) u
Jx Ox
D(z,y) | Ou v
D(u,v) B 70
’ % Oy
Ou Ov
B OKpecTHOCTU TOYKH (Ug, Vg). Torna quddepenuuan dz roit bynkuuu (a 3ua-
YWT, ¥ ee YACTHBIE MTPOU3BOJHBIE) B OKPECTHOCTH TOYKH (g, Vg) MOXKHO HaiTH
W3 CUCTEMBl yPaBHEHUHA

Ox Ox
d.’If = %du + %dv ]
_ 9y 9,
dy = %du + %dv N
0z 0z
dZ = %du —+ %d'l) .

Ilpumepsl pemienusda 3agad

d
ITpumep 3.1. Haittu d—i, o z = €37 T2V phe ¢ = cost, y = 12 — 1,5.
Pewenue.
1-i enocob: 1o dopmyse (3.1)
dz 0z dx % dy
oy dt

Pl 3 206y (—sint) 4+ 3 TW . 2. 2t =
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_ 63 cos® t+2t%—3 (4t — 6costsin t) — e2t273 sin® ¢ (4t — 3sin Qt) .

2 2 2 g2
2-1i_cnocol: soipasus z = z(t), me. z = 308 T2 =3 — 2T =3sind

dZ 2 o 2 2 a2

T e T3S (4 Gsintcost) = €2 T3S (4 — 3sin2t) .

IIpumep 3.2. Haiitu Bce yacrubie npoussBoanbie Gyukuuu u = f(z,zy, ryz),
rae [ — npousBosibHas jauddepeHuupyeMas QyHKIM.

Pewenue. Jlannas GyHKIUS sIBJSETCS CIOXKHONW (DYHKIHEH apryMeHTOB T, Y
u z, e u= f(xy,re,x3), TIE T1 = T, To = XY, T3 = TYZ, TOLIA

, uMeem

wy = fo, (1), + fr, (22)y + foy (23), = fo, +ufs, Ty2fe,
wy, = fo (@1)y + fo,(x2)y, + fry(23), = xfy, + 22f5, ;
ul = fr (1), + fo, (2)] + fr,(23)] = 2yfs, -

IIpumep 3.8. Haiitu 2/, u 2], ecin z = 22 Iny, x = E, Y=1u-v.
E—— v
Pewenue. Ucnonbzyem dopmyiy (3.3):
0z Oz Ox Oz Oy 1 22 u
= LY oy -+ = 2 (2] 1) :
Oou Oz 8u+8y ou MY v+y v 1)2( n(uw) +1) 5

9z 0z Oz 0z Oy x? 2

U u
=5t =2z1In (f—>+—u:—1721nuv .
Oov Ox Ov Oy v I\ Y v3 ( (uv))
Ipumep 3.4. Tlokazarb, yro dyskiusd v = xyz + F (e%,cos(m +y+ z)), rae
F — npousBonbHast (hyHKINS, IBAXKIBI HEMPEPHIBHO auddepeHupyemMast B 00-
jactu D, yI0BIeTBOPAIONAsA B TOYKAX ITOH 00/1aCTH yCJIOBUIO (YPABHEHUIO)

x O"u - (a:—l—z)@—&—zﬂ =2xz
Oxdy Oy? oydz ’

Pewenue. Bpomum obosnauenus e = £, cos (x + y 4 2z) = 1 u paccMarpuBaem
u = ayz + F(§,n) xak caoxknyo dbyrkuno. Iloap3yscs mpasuiaoM anddepen-
IUPOBAHUS CIOXKHON (hyHKIINHU, HAliIEM

@*LL‘Z aj %+87F @7$Z+87F 0+87F(fsin(x+ +Z))
oy T oc ey Tag ey o T o TR
ou Ou
B mammoM cry4ae — M —— HAXOOWUTHL HE HAJO, TAK KAK HAM HY>KHBI
or Oy
82u / 32U / aQU /
oeoy ~ W gE =)y g =)

Haxomum gacTHbIE TPOU3BOIHBIE 2-T0 MOPSIKA ITONH PyHKIUN

Pu 9 (Ou e —sin(z+y+t2) O*F 0g  O°F on) _
ordy  or \oy) 4 ocon ox o ox

23



6F . 7 1 72
—a—ncos(x—l—y—l—z):z—sm(aj—i—y—!—z) (anez -Z—men(x—l—y—i—z)) -

—Fjcos(z+y+2) ;

62’11, 6 8u . "oz X "o,
D902 =3, (5’y> =z—sin(z+y+2) (anez (—2—2) —F,msm(x—&—y—i—z)) -
—cos(z+y+2) F ;
82u 12 1" ) ,
a—?ﬂ:Fn5~0+an51n (x+y+z)—F cos(z+y+z) .

IMoncraBuB HaiieHHbIE TPOM3BOAHBIE B 3adaHHOe ycaosue (ypasHenue), Oy-
JIeM UMeTh

"

zzfsin(x+y+z)e£EF§”n+zsin2(x+y+z)Fm]fxcos(erquz)Ff',f
z

—xsin? (m—i—y—f—z)F,;;]—f—xcos(x—i—y—l—z)Fé—zsin2 (m—i—y—}—z)F;{n—i—

1"

r =z . . ”
—&—zcos(sc—l—y—i—z)F,’,—l—xz—i—;e?sm(sc—i—y—i—z) ng—l—zst(x—i—y—i—z)F,m—
—zcos(x+y+2) F) =2z .

IIpurnMasi BO BHUMAaHWE PABEHCTBO CMENTAHHBIX ITPOW3BOIHBIX Fé;7 = Fé/n,
ybexmaeMces, 9To JaHHOE ypaBHEHUe obparmaercs B ToxaecTBo. CremoBareib-
HO, 3a/laHHAasA QPYHKIU AefCTBUTEIHHO YIOBJIETBOPSET JAHHOMY YPABHEHUIO.
ITpumep 3.5. Hajitn wacrupie nponssognble byrkunun z = z(x,y), 3aJaHHON
HesBHO 12y — y22z + 22 = 0.

Pewenue.

%y
Y2 —a’
BOIPOC O CyIIeCTBOBaHUHU U audDEepeHImpyeMOCTH JAHHON (YHKIINN CTAHOBUT-
Cs SICHBIM 0e3 MPOBEPKH YCJIOBUN T€OPEMBI CYIIECTBOBAHUS:

1. Hesasroe 3amanne pyHKIUT JETKO TpeodPa3oBaTh K SBHOMY 2 = u

o 2xy (y2 — x) —22y(-1) oy (2y2 — x)

2 2
: (y* - x) (y* — )
o 1,2 (y2 —JS) _x2y,2y _ 7x2(y2+x)
Y (y2 - 93)2 (yQ _ x)Q
2. YacTHble TPOU3BOIHBIE MOXKHO HafiTu mo dhopmynam (3.9):
g B wy+e o, B, 2?22
S it A

3. MoxHO HAWTH 9aCTHBIE TPOU3BOSHBIE HEITOCPEACTBEHHBIM AuddepeHmpo-
BanueM ToxKaecTBa 12y — y22(2,y) + x2(7,y) = 0, HOMH#, 4TO z QYHKIUA OT X
u y. duddepennupys mo x, Haxoaum

20y + z
2oy —y*2l 42 x+2=0, Z;:_fy?'
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% — 2z
x—y?
IIpumep 3.6. Tlokazarh, uro (GyHKIUS 2, ONpPEAETsieMass ypPABHEHHEM

Huddepentmpys o y, HAXOTUM T2 — 2yzfy227’4 txzy =0, 2z, =

2
(x2 +92 4 22) = y? — 22, ynosnersopsger auddepeHnIHAIbHOMY YPABHEHUIO

0 0
Qyz'—z - xz—z + 2y = 0.

Ox dy
Pewenue.
[Ipumennm mnpasumo auddepeHnnpoBaHus HESBHO 33JaHHON (MYHKIUH K
dbyHKINKT 2z, OOpeneNseMOil ypaBHEHHEM (J:2 +y? —|—22)2 -2+ 22 = 0.
Haxomnum
0z 2 (x2 +4% 4+ 22) - 2x 2x (332 +9%2 4+ z2)

)

0r 22 +1y2422)- 22422 2222 49y2+22) 42

0z 2(®+y+2%)2y—2y 2y (2’ +yP+27) -y
Oy  dz(@®2+y2+22)+22 2z (22492 4+22) 4z

IIpeoGpasyst nesyto wacth ypasrenns (22 + y? + z2)2 —y? + 22 = 0 ¢ yuerom

MOy Y€HHBIX BBIPAYKEHUH JIJIsT a—z u 82’ yOekJaeMcsa, 9TO OHa 00pamaeTcs B
T
HYyJIb: 4
2z (22 + y* + 2?) 2y (22 +y* +22) —y
—2yz Tz +ay =
2z (22 +y?+22)+ 2 2z(x2+y?+22)+ 2

_ ey (2f + 92+ 2%) + 20y (0% +47 + 2°) —ay + oy + 20y (27 +3° + 27)
- 2(22 +y2 +22) + 1

=0.

ITpumep 3.7. Tlokazars, aro byuxmus 2 +y2 + 22 = yp <Z) VIOBIIETBOPSIET
Y

0z 0z
— —22y— +222=0.
oz my8y+ Tz

Pewenue. HaiineMm wacTHBIE IPOU3BOJHLIE 2, U Z

BBIPAKEHNIO (y2 + 22— :102)

!

y 10 mpasmaam auddepen-

z
NUPOBAHNS HEABHO 33aJaHHON (DYHKIIUN 22 + y2 + 22— Yyp () =0 :
Yy

%0 , 2y—s0—y<p’(—y%)

/
Z,=———————— | Z, =
T 2y Y 22 —yy's

HO,I[CT&BJIHH X B JJaHHOE BbIpAXKEHUE, TTOJIYIUM

—22y% — 2222 + 223 + day? — 22y + 2wy? - Zo9+ da2% — 2x2

2z — ¢’

:2x(y2+x2+z2—y<p) '

)

2z — ¢!
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B UCXOIHOM ypasHenuu y@ = 2 + y? + 22, rorua

20 (y? +a% + 22 —yp) _ 2w(yp—yp) _
22—/ 22— ¢/ '

Ipumep 3.8. Hessubie byukuuu u(x,y) u v(x,y) oupeenennt cucremoil ypas-
HEHUI

zy+uv =1,

TV —Yyu =3 .

Haiitu gacTHbIe TPOU3BOAHBIE U TIOIHBIE (D dDEPEHINATBI 1-T0 U 2-T0 TOPSIIKOB,
ecmu ip x = 1, y = —1 PYHKIIUT TPUHAMAIOT 3HAYEHUT: u = 1, v = 2.
Pewenue. uddepernupyemMm JaHHYIO CHCTEMY IBAXK/IbI:

ydx + xdy + udv + vdu =0 ,
xdv + vdx — ydu — udy =0 .

ITocne moBropHOro AuddepeHnupoBaHms MPeodPa3yeM CUCTEMY U MOy 9UM:

2dxdy + 2dudv + ud?v + vd?>u =0 ,
2dxdv — 2dudv + xd*v — yd?>u =0 .

IIpnx =1,y =—1, u=1wu v = 2 nepBasd cucreMa MPUHUMAET BU],
—dx +dy + dv+2du =0, _— du = 3dz — 2dy ,
2dx —dy+dv+du=0 ™ dv = —bdzx + 3dy .
0 0 0
CremoBarebHO, au_ 3, au _ -2, v _ -5, v _ 3. Ilpu Tex Ke 3HAYCHUSIX
oz dy oz Jy

Z, Y, U U VU, & TAKIKE [OJyIEHHBIX BblipaxkeHusx du u dv u3 BTOPOH CHCTEMbI
TTOJTYYMM:

d*v + 2d%u = —2dxdy — 2 (3dz — 2dy) (3dy — 5dx) ;
d*v + d*u = 2dy (3dx — 2dy) — 2dz (3dy — 5dz) |

d?u = 4 (5da? — 10dzdy + 4dy?) ;
OTKy 2 d®v = 10 (—da? + ddzdy — 2dy?) .

0%u 0%u 0% 92v 52v
CrenoBaresbHO, 2 = 20 920y = —20, 92 = 16, 5z = 10, 527y = 20,
AU
oy? '

IIpumep 3.9. Haittu d?u ana bynkmmit: a) u = In /22 + y2; 6) u = Ty2.
Pewenue.

1
a) Haiinem uacthble npousBojsbie 1-r0 mopsiaka mis u = 3 In (z2 + yZ):

ou 1 2z x ou Y

dr 2 224y 224y’ Oy a2+y?
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Ilonb3ysich ompeaenennsMu U npasuaamMu 1udOepeHnnpoOBaHms, HARIEM 9acT-
HBIE TIPOU3BOIHBIE 2-TO TOPSIIKA:

0?u 0 <8u>_1'(x2+y2)—x~2$_ y? — 2

022~ 9z \ Oz (2 +y2)2 (22 +y2)2 ;
0%u _2 @ . —2xy 0%u B 0%u _
oxdy Oy \ Oz ) (22 +92)* Oxdy - Oyox’

0%u 0 [Ou) x? —y?
a2 Oy (831) @)
Ucnons3ys dopmyny (2.12), nomydanm:
P — (y2 — xQ) (dx2 — dy2) — dxydzdy .
(2 +y?)°
6) Haiinem nuddepenuuan 1-ro nopsaka: du = yzdx + xzdy + xydz =

=  d*u=d(du) = d(yz)dx+d(xz)dy + d (zy) dz =

= (zdy + ydz) de+(xdz + zdx) dy+(xdy + ydz) dz = 2 (zdzdy + ydzdz + xzdydz) .
Bagaum guas aySJUTOPHBIX 3aHATHH

U3 cbopuuka 3azaq [6]: 7.117-7.121 ueuernsie; 7.129; 7.131; 7.141-7.147 never-
Hble; 7.159; 7.165.

3agaum AJd CaAaMOCTOATEJNbhHON pabGoThl

U3 cbopuuka 3azaq [6]: 7.116-7.120 uernbie; 7.128; 7.130; 7.142- 7.146 yerubie;
7.166.

3aumgarue yeTBepTOE

Tema: "TEOMETPUYECKUE IIPUJIOXKEHUA YACTHBIX
MPON3BOAHBIX (KACATEJIbHA4I IIJIOCKOCTb 1 HOPMAJIb
K ITIOBEPXHOCTU). POPMVJIA TENJIOPA"

OcHoOBHBIE TeoperTnm4YyecCcKHUue cBeJeHUA

Kacameavroii naockocmuvio K TOBEPXHOCTH B ee TOUKe (g, Yo, 20) (TOUKA Ka-
CaHUs) HA3BIBAIOT TLIOCKOCTh, COAEPXKAIILYIO B cebe BCe KACATeIbHbIE K KPUBBIM,
TIPOBEJEHHBIM Ha, IOBEPXHOCTH Yepe3 ITY TOUKY.

Hopmanavio K TOBEPXHOCTH HA3BIBAIOT MPAMYIO, IEPIEHANKYIAPHYIO K Kaca-
TeJIbHON IIJIOCKOCTH W IIPOXOJSANIYIO Yepe3 TOUKY KaCaHUs.

Ecinu ypaBHeHme TOBEpXHOCTH 33aHO B (hopMe

F(xﬂ:%Z) =0, (41)

rue byuxkuus F(z,y,z) B okpecrHocru To9KU (Zo, Yo, 20) UMEET HENPEPbIBHBIE
OF (x0, Yo, 20)
0z

IJIOCKOCTU B TOYKE (L0, Yo, 20) UMEET BUL

NIPOU3BOJHBIC, & B CAMOI TOYKE # 0, TO ypaBHEHHe KacaTeJTbHON

Fy (0,90, 20) (2 —20) + F, (20, Y0, 20) (Y — y0) + F, (20, Y0, 20) (2 — 20) = 0. (4.2)
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VYpaBuenue HOpMAJIH:

T — Xo _ Y—Y _ )
Fi(z0,90,20)  F}(%0,Y0,20)  FL(z0,%0,20)

(4.3)
Hanpassromue KOCHHYChI yIVI0B, 00PAa30BAHHBIX HOPMAJIBIO COOTBETCTBEHHO

¢ ocsivu Ox, Oy, Oz, BIYACIIIOTCS COOTBETCTBEHHO 110 (DOPMYyJIaM

Fy (w0, Y0, 20)
\/Féz(x()ay()a ZO) + Féz(l‘o,yo, ZO) + lez(x()?yOa ZO)

CosSx =

Y

F/ ) k)
cos 3 = y(@0,90: 20) , (4.4)

\/Ff(ﬂ?o,ym 20) + /2 (%0, Yo, 20) + F2(z0, Y0, 20)

F (o, Yo, 20)
\/F£2(x07 Yo, ZO) + Fg?(xoa Yo, ZO) + lez(xoa Yo, ZO)
Ecnu ypaBHeHue OBEpXHOCTH 33/IaHO B ABHOM (hopme

TO ypaBHEHHE KAaCATEJbHOMN MJI0CKOCTU B TOUKe (g, Yo, 20) UMEET BUJ,

cosy =

Z— 20 :f;(iﬂo’yo)@*mo)+f;($oayo)(y*y0) ) (4.6)
a ypaBHEHUE HOPMAaJIU —

T — Zo Y—%Y Z—Z0
= = . 4.7
fa(zo.yo) [y (z0,y0) -1 1)

Hamnpasnsromue KOCHHYCHI yIJI0B, 00PA30BAHHBIX HOPMAJIbI0 COOTBETCTBEHHO C
ocsivmu Oz, Oy, Oz, BEIYUCISIOTCS COOTBETCTBEHHO MO (hOPMYIaM

— fo(x0, Yo, 20)

cosa = ,
\/ff(ifo,yoyzo)+f{,2(l’o,yo720)+1
— 1 (xo,y0, 2
cos 3 = fy(20. 0. 0) , (4.8)
\/ff(wo,yo,Zo) + fi2 (%0, Y0, 20) + 1
1
cosy =

\/ff(ffoayo, 20) + fi# (w0, Y0, 20) + 1

Ecnu dysKkins HECKOMBKUX MEPEMEHHBIX UMEET JIOCTATOYHOE YHCIO HEempe-
PBIBHBIX HPOU3BOJIHBIX B OKPECTHOCTH HEKOTOPOH TOYKH, TO 3Ty (DYHKIHUIO B
YKa3aHHOW OKPECTHOCTH MOYKHO TIPEICTABUTL B BUIE CYMMBI HEKOTOPOT'O MHO-
TOYJIEHA, W OCTATKA, KOTOPbIit "Maji"B Ompene/leHHOM CMBICIIE.
Teopewma4.l. Ilycrs byukuus z = f(x,y) onpeneneHa u HeNpepbIBHA
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BMECTe CO BCeMM CBOMMM YaCTHBIMM IIPOM3BOAHLIMM JIO HOpsaKa m + 1 BKJIIO-
gurenbHO (m > 0) B HEKOTOPOi § - OKPECTHOCTH TOUKH (Zg,Yyp). Torma mist

Beex Az u Ay, yIOBIETBOPAIOIIUX YCI0BUIO p = 1/ Ax? + Ay? < §, cymecrByer
takoe 6 = 0(xg, yo, Az, Ay, m), 0 < § < 1, uro crpasenmmea dbopmyia

Flao + A,y + Ag) = F(zo,u0) + 37 [0, w0)Az + fi (0, u0)Ay] +

1 1" " "
+§ [fxm(m07 yo)ACU2 + szy(x()a yO)AxAy + fyy(x07 yO)Ay2:| +...t
1[0 o) "
+m (axAl‘ + @Ay) f(l‘o, yO) + R (4'9)
1 B) o \"th
= ——— | —A —A Ax, Ay) . (4.1
rme R RS (8:5 $+8y y) f(wo +0Az,yo +0Ay) . (4.10)

®opmyny (4.9) masbiBaror popmyaot Tetiropa TOpAIKA m € NEHTPOM B TOY-
ke (xo,yo) mnsg dyuruuu f(z,y), a byukuuio R,,, onpegensemyio dopmyioi
(4.10), - ocrarounbiM wienom dopmysbl Teitinopa B dopme Jlarpanxka.

®opmyna Teitmopa, 3amucanHas ¢ HOMOIIBIO AU (MEPEHNHATOB € YIETOM
Ax = dx, Ay = dy umeer By

1
f(zo +dz,yo + dy) = f(z0,0) + Z @dkf(fﬂoayo) + R (4.11)
k=1 "
1
rae R, = mdm“f(xo + 0dx,yo + 0dy) .

ITpencrasienne octarodnoro 4ieHa dgpopmyas Teitnopa B opme
m
Ry = o(p™)

Ha3bIBAIOT ero 3amuchio B ¢popme Ileano. B wacraoMm ciygae, nipu g = 0, yo = 0,
dopmyay (4.9) HasbiBator dopmysioit Makiiopena.

Ilpumepsl pemieHusda 3agad

Ilpumep 4.1. Hammcarb ypaBHEHHE KaCaTeJbHON IIJIOCKOCTH ¥ HOPMAaJH
K TIOBePXHOCTH THIEPGOIIIecKoro mapabomonaa z = r2 — y? B Touke (2,1,3).
Pewenue. Ilpu pemtenuu ucnonbsyem dopmysnt (4.5)—(4.7). Haitnem xoadbdu-
[MEHTHIL:

A=z =2z|y=4; B:z;
M

—-2| =-2; C=-1,

M M

guaunt 4(zx—2)—-2(y—1)—(2—3)=0 = 4z —2y—2z—3 =0 — ypaBHeHue

x—2 y—1 =z-3
=2 -1

KaCaTeIbHOH MIIOCKOCTH, — ypaBHEHUE HOPMAJIH.
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IIpumep 4.2. K nosepxuocru zy + 22 + 2z = 1 HpoBecTH KaCATEIbHYIO
TIJIOCKOCTh, MAPAJIIEIbHYIO TIJIOCKOCTH T — Y + 2z = 0.
Pewenue. Ilycrsb Touka Kacanus umeer koopauaarbl M (xg, Yo, 20), TOTAA

A =F

:(y—i—z)‘ =10+ 20 ; By =F,| =u;
M M M

C, = F!

:(2,2—1—:5)‘ =220+ 20 .
M M

W3 ypaBHEeHUS MAaHHON NJIOCKOCTH T — Y + 22 = () HEMMOCPEACTBEHHO BUIHO, UTO

Ay =1, By = —1, Cy = 2. I3 ycnoBust mapasiebHOCTH IIOCKOCTEH:
é_&_ﬁ uMeeM Yotz _ Zo 2%+
Ay By (s 1 -1 2

CocraBum cucremy ypaBHeHuil, yuurbiBast, 410 To4ka M (xo, Yo, 20) npuHa-
JIEYKUT TTIOBEPXHOCTHU

Yo+ 20 o

jl —Yo — R0 = To
ﬂ _ 220 + o = 20 = —2z0 — 19
—1 9 2 x0y0+23+1‘020 =1.
Toyo + 25 + x020 = 1
2
3 BrOpOro ypaBHEeHHsT BbIPAKAEM: Ty = *520,
2 2
W3 TEPBOTO : Yg = —Tg — 20 = gzo —2zy = _go’ TTOJICTABJISAS WX B TPEThE
ypaBHEHWE, HAXOIUM
2, 9 24 9 o 3
—z5+25—=-z5 =1 —z5=1 Z0=*+t—.
9 0 0 3 0 ) 9 0 ) 0 \/g

I/ITaK, ToJIy9aeM 3HaYeHUd KOOPJAWHAT ABYX TOYEK KaCaHUA

M, (55;555) M, <53;555>

Haxonum xo3ddurimenTs:

B pesynpTare momydaeM ypaBHEHUS KaCATETBHBIX IJIOCKOCTEH

V10

IIpumep 4.3. HaiiTun paccTosHre OT HadaIa KOOPAWHAT /10 KacATEIbHON TII0C-

x Ta
KOCTU K TIOBEPXHOCTH 2 = Yy tg — B Touke M VR a,a ), a = const .
a
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Pewenue. 3Banuimem ypaBHeHue KacaresbHON miockoctu. [Ipunss Bo BHEMA-
HUE

1 1
:y.

A:ZI *ﬁ
M a COSE

x

=2; B=gz,

:tgf‘ =1; C=-1,
alm

M M

Ta Ta

nMeeM Q(I—Z) +(y—a)—(z—a)=0wmm 21:+y—z—720.
[TpuBenem momydentoe obIiiee ypaBHeHne K HOPMAILHOMY BUIY:

x cos a+y cos B+z cosy—p = 0, Tae cos a, cos (3, cos Y — HAIPABJIAIONIAE KOCHHY-

CBL, p — PACCTOAHEE IIJIOCKOCTU OT HadaJla KoopauHar. Haxomum HOpMupYyoImii

MHOXKHUTEb (i, TIPA YMHOKEHUHU HA KOTOPBIH 00IIee ypaBHEHNE MIOCKOCTH MPH-

HHMaeT HOpMaJIbeIfI BHJI:

n 1 n 1 2 n 1 1 Ta
= _— 7; — Ry _———— = = 5
P T e V6 V6 VB Ve 2V

CrietoBaTeIbHO, KCKOMOE PACCTOSTHUE

_Ta _Wa\/g
P=5/k " 12 -

IIpumep 4.4. HaiiTn HaTpaBIONIe KOCHHYCHI HOPMAJHN K MMOBEPXHOCTH

'%j + ny _ i =1
4 16 1
B Touke M(2,—4,1).
Pewenue. DyHKINs 3amaHa HEABHO, TOTIA
(M F' (M
cosa = (M) ; cosf= y(M) ;
VER(M) + FR(M) + F2(M) \FR(M) + FR(M) + F2(M)
F(M
cosy = -(M)
\JF2 (M) + F2(M) + F2(M)
2 2 1
Fl =22 =1, | =2 =2 F :—22’ - 1.
M 4 lm YiM  161m 2 M M
1 1
Toraa cosa = :7;COSﬂ:_§;COS’y:_§'

N2 3
Vit (=3)" + (2
MoXHO HAWTH HAIPABISIONINE KOCUHYCHI HEIOCPEJICTBEHHO W3 ypPaBHEHUS

z—2 y+4 z—1
HOpMAaJIN: = =

- 1
, HAMPABJISIONUi BeKTOp { = {1, 3 —1},

1 —1/2 -1
. 2 1 2
€ro OpT €y = §’ _5’ _§ , IPOEKIINHA OPTa U €CTh HaIPABJIAIOINE KOCUHYCHI.

IIpumep 4.5. JlokazaThb, 4TO KacaTeJbHbIE TIJIOCKOCTH K TTOBEPXHOCTHU
VT + /Yy + /2 = \/a, nposesennsie B 11000ii TOYKE MOBEPXHOCTH, OTCEKAIOT HA
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KOOPJIMHATHBLIX OCHX OTPE3KM, CyMMa KOTOPbLIX PaBHa d.
Pewenue. Paccmorpum npousBonbHyto Touky M (g, Yo, 20). Haxommm:

1
B=F/| = ;i C=F

1 1
M_2\/5‘M_2fv0’ Vi 2y/y0’ v 2z

VYpaBHeHne KacaTeIbHOM MIOCKOCTH B ToUKe M Oymer Takwmwm:

A=F

x

. (z — o) = (y —yo) + (z—20) =0 wumn

1 1
2070 2/ 270

= +}y+} ~ (VEo + Vo + /) =

O6mee ypaBHeHHe IJIOCKOCTU MOXKET ObITh MPUBEAEHO K YPABHEHUIO TLIOC-

koctu "B orpeskax"; yumTeBas, 9TO \/To + /Yo + V20 = va, (%o, Y0,20) —
KOODJMHATHI IPOU3BOJILHON TOYKH, HMEEM

T LY L E
Varg  Jay,  +/azg ’

e \/axro, /aYo, /azp — OTPE3KH, OTCEKACMBble ILJIOCKOCTBIO HA COOTBET-
CTBYIOIIUX OCAX (OTPE3KM OTCYUTHIBAIOTCS OT Hauajga koopauuar). Cyw-
Ma 3TUX OTpPe3KOB paBHa a. JelictBuTenvHo, /axg + /ayo + /azg =

Va(yTo+ /U ++/z0) = Vaya = a, €TI0 1 TPeGOBANOCH IOKA3ATD.
xT

IIpumep 4.6. Pazmoxkurh dysKumio e¥ mo dopmyne Teitopa ¢ meHTpOM pas-
aoxkennst B Touke M (0;1) 1m0 4meHOB 2-r0 TOps/IKa BKIIOYHTEIBHO.
Pewenue. Haxommm wacTHBIE TPOU3BOJHBIE 10 2-TO MOPSIKA BKIIOYATEIHHO:

o z 1 2
f’_ey.,; f/__76y7 f — ey
T Yy Y y2 Tz y2
x T 2
7 — x — " x 2x
f =eY (—>+ey (— ) ; f =eY +e¥Y - —
zy y3 y2 vy y4 y3

B Touxe MO(Ov 1) nuMmeem: f(MO) = ]-7 f;(MO) = ]-7 f?/J(MO) = 07 f;/x(MO) = ]-7
Fay(Mo) = =1, f,,, (M) = 0.

Corsacuo dopmyaie (4.5) upu Az =z — xg, Ay — y — yo = y — 1 nonygum:
eV =142+ %xQ — z(y — 1) + Ro, rae ocrarounbiii dien B ¢opme Ileano
Ry =o(z*+ (y—1)?)

IIpumep 4.7. @yukmuio f(x,y) = x5 + bxy? + 102y + 2 — 4 pa3aoxKuTh MO
dopmyse Teitnopa B okpecraocTu Touku M (1; —2).

Pewenue. Haxomum f(M) = —1, Az = x — 1, Ay = y + 2. Haiuee, nHaxomum
YaCTHBIE IPOM3BOIHBIE W BBIYHC/IAEM UX 3HAYCHHA B TOUKe M:

= (322 + 5y% + 10y + 2)‘ =5 f = (10zy+ 1030)‘ — _10;
M M

32



fio=6a| =6 fi,=(0y+10)| =-10; f;, =10a| =10; £, =6;
f;;y =10; fz;;x =0; f;z;y = (0 . B pe3ysbrare nomydaem pa3jioKeHUE:

f(z,y) = —1+5(x—1)—10(y +2) + % (6(z—1)* —2-10(z — 1)(y +2)+

+10(y +2)%) + é (6(z —1)> +30(z — 1)(y +2)%) .

IIpumep 4.8. Boraucnurs npubimxkenno snadenue a = 1, 04202,

Pewenue. Paccmorpum a kak 3nadenue byuxkuuu z = ¥ B rouke (1,04;2,02).
B kavecTBe omOpHO# ToYKHM BhIGEpeM TouKY (1;2). Berancasem: Az = x — xg =
0,4, Ay = 2,02 — 2 = 0,02. Ucnons3yem dopmyay (4.9) npu m =1 :

0z 0z
Y ~ Y + | = Ax + — A =
le=t04 T z=1 ox| a=1 """ "oyl e=1""
— 2,02 y=2 y=2 y—2
=1+ (yo)'" 20,4+ (¥ - Inz) 10,02 =1,08 .
_ .
y=2 y =2

3agauyu OJid ayIUTOPHBIX 3aHATHUM
N3 cbopumka 3aga4 [6]: 7.179; 7.181; 7.232; 7.233(a); 7.239 (a); 7.95.
3amaunm OJd CaMOCTOSATEJbHONW paGoThl

U3 cbopuuka 3anaq [6]: 7.178; 7.182; 7.233 (6,8); 7.239 (6); 7.96.

3aHdATHUE HATOE

Tema: "SKCTPEMYMBbI ®YHKIININ HECKOJIbKUX IIEPEMEHHBIX.
HEOBXOAVMMBIE YCJIOBHUA OJI1d TOYEK 95KCTPEMVYMA.
JOCTATOYHBIE YCJIOBUMA OJId TOYEK CTPOT'OI'O SKCTPEMYMA™"

OcHOoBHBIE TeoperTnm4YyecKHUue cBeJeHUA

Mycrs dysruua v = f(x), * = (x1,...,%,) OUPEIEJEHA HA MHOXKECTBE
D c R". Touxky z(© € D maspiBaior moukoti cmpozozo maxcumyma (co-
OTBETCTBEHHO CINP02020 MUHUMYMG ), €CIIH CYIIECTBYET TaKas OKPECTHOCTH
V (29) rouku 20, uro gz seex z € V (zO) N\ D, z # 2, pomonuserca
nepasenctso f(z) < f(2(?)) (coorsercrsento nepasencrso f(z) > f(z(9)) (cm.
puc. 5.1 nua byskuun z = f(z,y)).
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Takum 06pa30M, TOUKA CTPOTOrO MAKCAMYMa (COOTBETCTBEHHO CTPOTOTO MH-
HEMyMa) Xapakrepusyercs Tem, uto Au = f(z) — f(2(?)) < 0 (coorBercTBenHHO
Au= f(z) — f(z©) > 0) mpu scex z € V (zO) N D, z # 20,

Ecin ke st toukn z(?) CYIIECTBYET TaKast OKPECTHOCTH V (x(o)) , 9TO TIpH
seex ¢ € V (2(9) N D somomnserca yerosue f(z) < f(z(?) (coorsercrsemmo
f(x) > f(2©)), ro 29 mazpBaor mpocro moukoti makcumyma (coorBeTCTBEH-
HO MUHUMYMQ).

TOYKHM CTPOroro MakCHMyMa M MUHAMYMa (DYHKINHM HA3BIBAIOT TOYKAME
CTPOroro sKcrpeMyma. 3Hadenue dbyHkuuu f(z) B TOYKe MakcMMyMma (MHHU-
MyMa) Ha3bIBAIOT MAKCUMyMOM (MHUHMUMYMOM) 3TOH (byHKIMU.

Teopema 5.1. (Heobxomumoe yciioBue skcrpemyma). Ilycrs
byuxums f(z), x = (x1,...,2,) ONpeaeseHa B HEKOTOPOH OKPECTHOCTH TOY-
ku 2(0); ecom oma sBseTCs TOUKOM IKCTpeMyma dbyHKmAmM f(x) W ecan B Hei
CyHIECTBYET Kakasg-Tub0 M3 MPOM3BOAHBIX ——, j = 1,7n, TO OHA paBHA HYJIIO,
”
J
T.€.
af (=)
——=0. (5.1)
Bx]—

Ecin dyuxups f(x) muddepenunpyema B TOUKe IKCTpeMyMa 2 1o B 310
0

TOYKE CYMIECTBYIOT BCe MMPOU3BOAHBIE ——, ¢ = 1, N, U COITIACHO TeopeMe H.1 Bce
T
OHH PaBHBL HYJIIO, IO3TOMY H

— df(z)
du (2) =3 F e =0 5.2
IIycre dynruua f(z) muddepenuupyema B TOUKE z© € R". Ecm
(0) .
du(z®) = 0 wm % =0,i = 1,n 1o (9 mazeBaloT cmayuonapHoii
z;
moukoti byukuuu f(x).

Teopewma 52 ( HocrarodHoe ycjIoBUE CTPOTOr0 3KCTPEMY-
ma). Ilycrb dyukuus f(x) oupesesieHa u uMeer HelpPEpPbIBHbIE IPOU3BO/IHBIE
BTOpOTO TIOpsiika B HekoTopoii okpectroctn Toukn (0. Mycrs (¥ apasercs
crannoHapHoil Toukoit dbyukumn f(z), Torga ecam KBagparudHas Gopma

~ 9*f()
A(dzq,...,dx,) = g dz;dz; , (5.3)
8@-83:]» J

T.e. BTOpOil mudbdepennunan bynkmun f(x) B Touke (0, momoxuTEBHO OMpe-
nenena (orpunarensuo ompenenena), To z(°) gBnsercs TOUKOi CTPOroro MuHm-
MyMa (COOTBETCTBEHHO CTPOIOr0 MAKCHMyMa); €C/IU Ke KBaJaparudHas Gopma
(5.3) 3naxonepemenna, 1o B Touke (0 mer skcrpemyma.

YT00B! yCTAaHOBUTH, OyIET /U KBaApaTudHas (popma, T.e. BTopoii auddepen-
mmast byskmun B Touke (°) MOIOKHTENIHHO MM OTPHIATENHHO ONPEIeIeHHON,
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npumensior kpurepuit CuiibBeCTPa MOJOKUTETHLHON ONPEIETEHHOCTH KBAIPa-
TUIHON (HOPMHBI.

Kpurepuiit CuabBectpa. Jlig Toro 9robbl KBaaparudHas GopMa
n
A(.CC) = A(:L'l, ce ,.’,En) = Z AijTiTyj (54)
ij=1

y KOTOpO#t a;; = Gji, ¢, 7 = 1, OblIa TOJ0KATEIHLHO ONPeIesIeHHOH, HeOOXOANMO
¥ JIOCTATOYHO, ITOOBI

a1 a2 ... Qin
ailr a2 a1 A2 ... Q9
a1 >0, >0, ... , "1>0. (5.5)
a21 Q22
an1 An2 cee Qpp

CuepncrBue. (Kpurepuii orpunaresnsHoii onpenesensoctn). lis
Toro 4robbl KBagparudnas dopma (5.4) Obuia OTPULATENHBHO OLPEIEIEHHOI,
HEOOXOINMO M JOCTATOYHO, YTOOBI

a1 ai2 e Q1p
a a a a L. a
aj; < 0 , 11 12 >0 , ’(71)77, . 21 22 2n >0
a1 a2
An1 ap2 ... Qpp
(5.6)

Cay4ait GyHKIINT JABYX IepeMeHHbIX

IMycrs dbyukimsa f(x,y) onpeaeseHa 1 UMEET HEMPEPBIBHBIE YACTHBIE TPOM3-
BOZIHBIE 2-TO TOPSKA B HEKOTOPOH OKPECTHOCTH TOUKH (T, Yo), KOTOPAS SIBIISI-
ercs crauuoHapHoii mis f(x,y), T.e. B Heil

fa(zo,90) =0, fo(@o,90) =0 . (5.7)

Torna, ecn B (20, Yo)

1" " "

fatm(anyO) : fyy($0ay0) - faty2(x07y0) >0 ) (58)

TO OHA ABJIAETCH TOYKOM CTPOroro 3KCTpeMyMa, & UMEHHO CTPOroro MUHUMYMa,
ec/i

"

f:r:v('rO?yO) >0 ) (59)

U CTPOrOr0 MAKCHMYMa, eC/IH
Fra(0,90) <0 (5.10)

Ecnu xe B TouKe (0, Yo)
Soa(@0:90) + fyy (@0, Y0) — frg (0,50) <O, (5.11)
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TO 3KCTPEMyMa B He#l HeT.
Haxowner, korma,

1" " 1"

f:vx(x()ayO) : fyy(anyO) - f:vy2(x07y0) =0 ) (512)

BO3MOXKHO, KaK HAJIU4IHe B TOUKE (Zq,Yo) IKCTPEMYMA, TAK U €ro OTCYyTCTBHUE.
YacTo uCmonb3yoT Tak:Ke 0003HATEHHS:

A= fr(x0.90) » B = fo,(x0,90) , C = fy,(x0.90) , A=AC—B?. (5.13)

B 3twx obosmadennsx: Touka (Tq,Yo) ABIAETCA TOYKOH CTPOTOrO MUHUMYMA
byukuyn f(z,y), ecan

A=AC-B*>0, A>0; (5.14)
TouKa (g, Yo) ABIAETCA TOYKON CTPOrOro MAKCUMYyMa, €CJIU
A=AC-B*>0, A<O0; (5.15)
Touka (g, Yo) HE ABIAETCS TOUYKOH IKCTPEMYMA, eCiu
A=AC-B*<0; (5.16)

B caTydae, Korma A = AC — B? = 0, HaJI0 TPOBECTH JOMOTHATEILHOE HCCIIEI0BA-
Hue (MOXKET CIYYUThCs, 4TO (Zg,Yp) — TOUKA IKCTPEMYMA, U MOXKET CJLYIUThCH,
40 (20, Yo) HE ABJIAETCH TOYKON IKCTPEMYMA).

Ilpumepsl pemienusda 3agad

IIpumep 5.1. Uccnemosars Ha SKCTpeMyM (GYHKIHIO z = 3 + 22 — 22 — 32,
Pewenue. UVcnomb3yem nHeobxoammoe ycaoBue skcTpemyma. Haxoqum gacTHbIe
nponssojnbie: z, = 2 — 2z, z, = —2y. Pemas cucremy

z% =0; N 1—2=0;
zy =0 y=20,
HAXOIMM KOODIMHATHI cTaroHapHoi Toukn M (1,0). YToOl BHISIBUTE, peasn-

3yercsi I B HAWIEHHOMW CTAIMOHAPHONW TOYKE SKCTPEMYM JAHHON (DYHKIIUU, HC-
" 1" "
HOJIb3yeM JIOCTATOMHOE YCIOBUE SKCTPEMYMA: Zy, = —2, 2,, = 0, 2, = =2,

" " "
2 _

A=z 2y, — 2y =

(=2)-(=2)-0>0,
cienoBaresibuo, B Touke M (1,0) cyimecTByer 3KCTpeMyM, a Tak Kak zgx u <0,

TO 3KCTPEMYM eCTh MakcuMyM. UTak, zp.x| = 4.
M

IIpumep 5.2. UcciemoBars Ha IKCTpeMyM (DYHKIIAIO
z =23 = 3xy? — 51z — 122
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Pewenue. Haxomum dacTHbIE IPOU3BOIHBIE 1-T0 MOPSIKA U COCTABJISEM CHCTE-

0 0
MY ypaBHEeHHUIi: o _ 322 + 3y% — 51, g% _ 6xy — 24y,
or oy

322 +3y>2—-51=0 N x—i—y —17
6xy — 24y =0 y(r —
Ilppu y = 0, 22 = 17, ampu = = 4, y*> = L am/IOHaprIe TOYKWA WMEIOT

koopaunarbr: Mi(4,1) ;  Ms(4,—1) ; (\/ ,0) 5 My(—+v/17,0) .
Haxonum npouspojnble 2-ro mopsjixa:
0%z 0%z 0%z
26, —— =6y, —— =6z—24.
Ox? o Ox0y v Oy? *

st rouku M (4,1):

—6‘ :
yM1

:63:’ — 2, Bl—zxyM

Cy =2, :(695—24)‘ —0 = A=AC -B*=0-36<0,

M,y My

CIe0BATEIbHO, SKCTPpEMyMa B Touke M7 nanHas (pyHKIWS HE HMEET.

Hoist rouku Mo (4, —1):

Yy

—6y| =6,
2

:Gx’ — %, By—-:

I\/IQ IVIQ

1"
CQZZ

W =Er-20)| =0 = A=AG-Bi<0,

Mo

M
CIeIOBATEIIBHO, SKCTPpeMyMa B Touke My QyHKINS HE UMEET.

Jlast touxn Ms3(v/17,0): Az = 64/17, B3 = 0, C3 = 6/17 — 24 =
= A = A3C3 — B2 = 6/17 (6\/T7 — 24) — 0 > 0, T.e. 3xcTpemy™ (hyHKIUHU B
Touke M3 CyIIEeCTBYeT M SBJISIETCS MUHUMYMOM, TaK Kak Az = 6117 > 0:

Zmin(V17,0) = V1717 — 51V/17 = —34V17 .

s rouku My(—+/17,0): Ay = —6\/ , By =0,Cy = —6y17—24 =
= A= A,Cy— B? = —6V17(—61 ) 0 > 0, crreoBaTENBHO, SKCTPEMYM
dyHKIME B TOYKE M, CymecTByeT u sBISETC MaKCUMyMOM, Tak Kak Ay < 0:

Zmax(—V17,0) = —V1717 + 51V/17 = 34V/17 .
Ipumep 5.3. Halitn skcrpemym byHKIUN 2, 3aJaHHON HESBHO
2?4yt 220+ 2y —82+9=0.

Pewenue. Haxommm gacTHbBIE TPOU3BOIHBIE:

ow-2, oy+2
2T T8 vT To,%
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(mpm z = 4 NPOU3BOAHBIE HE CYIECTBYIOT; eCiiu 2 = 4, TO MCXOJHOE yDABHEHUE
npumer Bun (z — 1)% + (y + 1) = 9, T.e. 3Havenus byHKIME TI0 JHHAM ITOi
OKPY?KHOCTH DaBHbI 4) U DEIIaeM CUCTEMY:

r—1=0,
y+1=0,
2+ 22204+ 2y—824+9=0.

IIpux =1,y =—1 3-e ypaBHEHUE NPUHUMAET BUJ,
2 —8247=0 = 212=4+V16-7 = z1=1, z="T.

TMonyuwnin nee crammonapusie Toukn: Mq(1,—1,1), Ms(1,—1,7). Haxomnnm
BTOpBIE ITPOU3BOJHEIE:

K o 2(20-8)—(22-2)- 22, (z—d-z-zpt2)

o (22 — 8)* (z —4)° ’
Zpy = — = Zyy = —
zy (z — 4)2 vy (z — 4)2
" 1 "
B rouke M;(1,—1,1): A; = = -, B = = 0,
ronK i . ) 11 ey, 3 7t vy,
Ch z = -, A = - —0 > 0, re. 3xkcTpemyM (DYHKIUA B TOUKE
Y1y 3 9
M cyuwecTByeT, npudeM siBISETCS MUHUMYMOM, Zmin(1l, —1) = 1.
1" 1 "
0 My(1,-1,7): Ay = = ——, By = =0
s Touku 25 ,—1,7) 2 Zyw s 3 B2 Zyy s ,
Cy = zly/y =3 A > 0, caenoBaTenbHO, SKCTpeMyM (yHKIUN B TOuke My
M;

CYIIECTBYET U sIBJIAETCA MAKCUMYMOM, TaK Kak As < 0: zpax(l,—1) = 7.
OrMernM: UCXOmHOE ypaBHEHHE 3aJaeT ABe (PyHKIUN

21p0=44+/9—(z-1)2—(y+1)2,

ompeieleHHbIe B KpyTe (2 — 1)2 + (y+ 1)2 < 9. B Toukax rpaHuipl Kpyra obe
byHKINY TPUHUMAIOT 3HAYEHHE z = 4, KOTOpOe SIBJISETCS HAMMEHBIITUM I
mepBoit GyHKIMN 1 HAMOOIBIIAM [IJIsT BTOPOU.

IIpumep 5.4. HaiiTn TOYKH JTOKAIBHOTO IKCTPeMyMa DyHKIHH

w=2x>—zy+2zz—y+y>+2%.

Pewenue. Haxommm wacTHbIE TPOU3BOIHBIE:

! —

u, =4r —y+ 2z, w, =—x—1+3y>, u, =2z +2z .

!/

ys U, HYIJO U Dermasi CHCTeMy

IMpupasuuBas u.,, u

dr—y+22=0, 20 —y =0,
—x+3y2 =1, = —z+3y2 =1,
r+z2=0; Z= -

)
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22 1
TMOTy9YaeM JBe TOYKH BO3MOXKHOTO 3KcTpemMyma: My (3,3,—3) u

1 11
My (==, —=,= ).
2<4’ 2’4>

YT00BI HCMTONIB30BATH JOCTATOYHOE YCIOBUE, HAXOIUM BTOPbBIE TPOU3BOIHBIE:
" " 17 " " " "
Uy =4, Uy = =1, uy, =2, uy, =6y, uy, =2, u,, =0, u,, =2.
3Hadennst MPOU3BOIHBIX 2-TO MOPSAKA B TOUKe M7 ABISIOTCS KO3 Duimen-
TaMu KBaJpaTHaHoi dbopMer d?u(M;) ot nepemenHbx dx, dy, dz.
Marpura KBaapaTudHOH (POPMBI HMEET BT

4 -1 2
A= -1 4 o},
2 0 2
TJIaBHBIE MUHOPBI
o ai; a2 o 4 -1 .
a1 =4>0, Qg1 Gas —’_1 4 ‘—15>0,
a1 Q12 Q13 4 -1 2
as1 G2 ao3 | =] —1 4 0(=14>0.
as1 @32 433 2 0 2

o kpureputo Cunbsecrpa d2u( M) — HONOKUTEHHO ONPE/IeIeHHAS KBa,IPa-
TgHast GOpMa MepeMeHHbIX dr, dy, dz, ciiemoBaTensHo, B B Touke M dyHKIns
WMeeT JIOKAJIbHBI MUHUMYM:

1 2 1 19
u(My) =u (3’3"3> =7

Boiasum, peanmsyercs jn SKCTpeMyM (QyHKINH B TOUKe Mo,
Marpura KBaapaTudHO# (POPMBI HMEET BT

4 -1 2
A= -1 =3 0],
2 0 2
rJIaBHbIE MUHODPbI
— an a2 | _| 4 —-1]_
a1 =4>0, 4oy oy —‘_1 _3‘— 13<0,
ajl a2 a13 4 -1 2
as1 Gs as3 |=| -1 -3 0 |=-14<0.
as1 asz2 ass 2 0 2

Buaunt d’u(Ms) He ABIAETCH 3HAKOOIPE/IIEHHON KBaIPATHIHOM HOPMOiL.
CrenoBarenbHo, B Touke Moy DYHKINS JIOKAJIHHOTO SKCTPEMYMa HE WMEET.

Bagauym OJid ayIUTOPHBIX 3aHATHUH
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N3 cbopuuka 3ana4 [6]: 7.187; 7.191-7.195 nederusie.
Bagaum mJusi caMOCTOATENbHON paGoTshl
N3 cbopuuka 3ama4 [6]: 7.188-7.194 yerHble.

3aHmsiTue 1mecroe

Tema: "YCJIOBHBIE 9KCTPEMYMBI. HEOBXOAVUMBIE YCJIOBHU 1
AJIdd TOYEK YCJIOBHOI'O SKCTPEMVYMA(METO/, MHOXKWTEJIEN
JIATPAH>KA). JOCTATOYHBIE YCJIOBU A OJId TOYEK CTPOTOI'O
YCJIOBHOT'O SKCTPEMYMA. ABCOJIFOTHBIE SKCTPEMYMBI.
HANBOJIBIITEE I HAUMEHBIIIEE SHAYEHU A ®YHKIINN"

OcHoOBHBIE TeopeTn4dYecCKue cBeageHnd

IIycrs Tpebyercs naiitu sKcTpeMyM (DYHKIUA 1 + M HEePEMEHHbBIX:

u:f('xl?"'?xnyylw"vym) (61)

npu HaJguuuu m ycaopuil (ypaBHeHwuii) cBs3u

Fo(x1, . yTny Y1y Um) =0, s=1,m. (6.2)

Ilepemennbie 1, ...,T,, Bxomamue B f, Fy, ..., F, (6e3 wmapyuienus
OOLIHOCTH), CUYUTAIOTCH HE3ABUCUMBIMH, & [EPEMEHHBIE Y1, ..., Y CYUTAIOT-
cs (pyHKIMAMU 3THX HE3ABUCUMBIX IepeMeHHbIX. lIpemmnonaraercs, 410 GyHK-
wau  f, Fy, ..., Fp, aBaxabl guddepeHuupyeMbl B OKPECTHOCTU TOYKHU
M (x(O) 20 (0 (0))

o(xy”’,...,&n’, Y1 5...,Ym ) H HMEIOT HENPEPHIBHBIE YACTHBIE IPOU3BOIHBIE
2-ro mopsiaka B camoii Touke My, a aKOOMaH

D(Fy, ..., F,
( 1 ) L) 7& 0.
D(yla"'vym)
Touky Mo(xgo), . ,x%o), y§°), RN yﬁg)), KOOPAMHATHI KOTOPOl yI0BJIETBOPS-

10T ypasaeHusm (6.2), HA3BIBAIOT MOYKOT AOKAALHOZO YCAOBHOZO MUHUMYMG
(Maxcumyma), ecnu B ipocTpancTee R™T™ cylecrByer oKpecTHoCTh Touku My
Takas, 910 VM u3 3TO# OKPECTHOCTH, KOOD/WHATHI KOTOPOW YIOBIETBOPHAIOT
ypaBHenusiM cBs3u (6.2), BbLIOJIHAETCS HEPABEHCTBO

(M) = f(Mo)  (f(M) < f(Mo)) - (6.3)
Ecnu B (6.3) BBIIOMHSIETCST CTPOTOE HEPABEHCTBO
fM) > f(Mo)  (f(M) < f(Mo)) , M # Mo, (6.4)

10 TOUKY My HA3BIBAIOT MO4KOU CMPO2020 NOKAALHOZO YCAOBHOZ0 MUHUMYMG
(empo2020 LOKAABHOZ0 YCAOBHOZ0 MAKCUMYMAE).

To4UKy JIOKAJIBHOIO YCJIOBHOIO MUHHMYMA, HJIM MAKCHMyMa Ha3bIBAIOT 1MoY-
K0l AOKANBHOZO YCAOBHO20 IKCTPEMYMA.

Buauenne dbyskupn v = f(21,...,Zn,Y1,...,Ym) B TOUKE YCIOBHOTO
MUHUMYMa, (MAKCUMyMa,) HA3BIBAIOT YCAOBHOIM MUHUMYMOM (MAKCUMYMOM)
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910l PYyHKIINH.

T e o p e M a 6.1. (Heob6xomumble yciaoBusi JJjsi TO-
YeK YCJIOBHOro 53Kcrpemyma (meron, MHoxkwuresdei  Jlarpan-
xa)). Has  moro grober  Touka My (xgo), . 733510)’ yio), e ,yg)) ObI-

Jla TOYKOH JIOKAJbHOIO  YCJIOBHOIO 3KCTPEMyMa, HEOOXOIWMO,  d9TO-
Obl KOODJAMHATHI 3ITONH TOYKHM YAOBJIETBODSA/IU YCIOBUAM (yDABHEHUSM):

OL  Of <~ . OF, .
:87%+;A3 ‘:07 1:1,TL;

Oz; ox;
OL  Of  ~~, OF, :
= =L As =0, j=1,m; 6.5
dy;  Oy; ; dy; (65)
oL
ﬁ: S(‘Ilv"'vgjn7y17"'7ym):Oa 5217m7

re BcroMmoraresbHas QpyHKIus

L(M,X) = L (21, @y Y15 Yms Aty Am) = F(M) + Y AFo(M)
s=1

A=A, Am) -
D1y byHKIMIO Ha3bBAOT yHKIWEH Jlarpanxka, a BXOAAIIWE B Hee IeHCTBU-
TENbHBIE YUCTA A1, ..., Ay, — MHOXKHUTEIAMEU Jlarpamxka.

Cucrema (6.5) comepxur m + 2m ypaBHeHuii ¢ n + 2m Heu3BECTHbIMU
TlyevesTrsYly-vesYms Ay -« s A, OHA OTHOSHAYHO OIPEIe/sgeT MHOKATE N JIa-
rpaHXa Ai,...,\p, cremoBarenbHo, u dyukius Jlarpamka L(M,\) takske
omnpeJeiaercs OMHO3HauHO. Ilpu 3TOoM perenue cucrembl (6.5) OTHOCHTENHLHO

(0) (0) _ (0) (0)
Tlyeeny Ty YLy - Ym JaeT TOYKY Mo(xy ', ., Tn Yy .-+, Ym ), KOTOpast Oy-
JIeT CTAMOHAPHO# TOUKON dyHukuuu f(x1, ..., Tn, Y1, ., Ym) IPU HATMIUK CBsI-

zeit (6.2). Touku JIOKAJIBHOIO YCJIOBHOIO SKCTPEMYMA HAXOAATCH CPEIAM CTa-
LUOHAPHDBIX TOYEK. 3aJa4a MCCIe0BaHus (DYHKIUKU HA YCIOBHBIH 9KCTPEMYM
cBomuTCs (peaylnupyeTcs) K 3ajade UCCAeI0BAHUsA Ha 6e3yCIOBHBIN SKCTPEMYM

dbyukuun Jlarpanxka L(M, ) = f(M) + f: AsFs(M).
s=1

JlocTaToyHbIe yCJIOBHS JIJIsI TOUYEK CTPOTOro yCJIOBHOrO 3KCTPeMYy-
ma. [Ipeanonoxum, uro My — crauuonapHas touka Gyukuuu f(M) npu na-
s cesizeit (6.2). M3 koucrpykumn dbyukupn Jlarpanxka Ly, \) BuIHO, 9TO
npu Haauuuu cBsa3eit (6.2) sxkcrpemymbr dyukuumit f(M) u L(M, \) coBnazaior,
MOCKOJIbKY TIpH HaJawdun cBsizeii (6.2)

fM) = f(Mo) = L(M, X) — L(Mo, Ao) -

Ho rorza, kak 3ro ciaemyer m3 pe3yabTaToB WCCaeaoBaHus QyHKnn f Ha 0e3-
YCJIOBHBIA 3KCTPEMyM, JIJIsl IIOJy9€HHsl JOCTATOYHOTO YCJIOBUSA IKCTPEMYMA B
roure My y dyuxipn f(M) mpn Hamnuanm cesizeit (6.2) HAIO COMIACHO TeOpeMe
5.2 x yciosuaMm (6.5) OpUCOEIUHATH TPEOOBAHNE 3HAKOOMPEIEJEHHOCTH B ITOM
touke 2-ro muddepenmmana d?L(M, \) dyrkman Jlarpamka L(M, ).
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IIpu 310M MbI MOXKEM KOHCTATHPOBATH Hajm4ue B TOYKe My MUHUMYMA, eCiu
npu magwaun ceazeit (6.2) d2L(My, \g) > 0 u maxcumyma, ecin d? L(Mg, Ag) <
0.

Jlns cnyqas, korgaa d? L(Mg, Ag) He ABIAeTCA 3HAKOOIPEICTEHHO, 3aMeTHM,
9TO MOCKOMBKY HaM TPebyeTcs YCTAaHOBUTDH 3HaKoompeeneHnocts d2L(My, Ag)
JWIUb [pU Hajm4uu cBs3eil (6.2), TO 1P NPOBEJEHUM BbIYMCJICHUI Cielyer B

dbopmymy

2
1= (e ot et ik ) L

T axn 391 aym
. oL oL
B KOTOPO#l ydTEeHbI 0 = 0,..., Ju = 0, moacraBuTh BMECTO dy1, . . . , dYy, UX
3HAYEHUS, onpegenﬂeﬁme u3 CHCTe%/IWﬁI
OF. OF. OF OF R
1

ITocme 3TOro CreyeT W3y IuTh BOIPOC O 3HAKOOIPEIeTeHHOCTH d2 L B TaHHOM
Touke M.

Eciu byukuus f(z), z = (z1,...,2,) qubdepeHuupyemMa B OrpaHiyeHHOI
3aMKHyTO# 067acTH D, TO OHa JOCTHTAaeT CBOEro HambOLITero (HamMeHbITe-
r0) 3HAYEHWsI WM B CTAIMOHAPHON TOYKE WJIM B TPAHUYHON TOYKe OOJIACTH.
IIpu sTOoM HamMbOsIBINEE 3HAUEHNE (DYHKIMH B OIPAHUYEHHON 3aMKHYTOM 00Ja-
CTH HA3BIBAIOT TAKIKE AOCOANOMHBLM MAKCUMYMOM, & HANMEHbIIEE 3HAYCHUE —
abCONOMHBLM MUHUMYMOM.

Yrobbr HafiTy abCOMIOTHBIN MAKCUMYM U aOCOMIOTHBIH MUHEMYM (YHKIUN
B OTPAHUYEHHON 3aMKHYTOW O0JIACTH, HANO HANTH BCE CTAIMOHAPHBIE TOYKHU
dyukuun B obnacru D (OTKPBITOE MHOXKECTBO), BHIYUCIUTL B HUX 3HAYCHUS
QPYHKINKA U BBIOPATH TOYKH, B KOTOPBIX (PYHKIHS MPUHAMAET HAUOOIbIIEE U
HaMMeEHbIIIee 3HAYEHUs] U3 BCEX 3HAYEHUI B CTAllMOHAPHBIX TO4YKaxX. [Toce aroro
CJIEIyeT CPABHUTD 9TH 3HAYEHUsI CO 3HAYCHUIMU, KOTOPbIE IPUHUMAET (DYHKIIUS
Ha rpanune D, Halias HaAubOOIbIIee W HAWMMEHBINee 3HAaUeHWs (QYHKIWH [ Ha
rpanute obsnactu D (cranuonapubie To9ku B D u Ha rpanune D Haxogarcd u3
HEOOXOAMMBIX YCJIOBHH [JIsi TOYEK COOTBETCTBEHHO O€3yCJIOBHOIO W YCJIOBHOTO
KCTPEMYMA).

B cny4ae, korma D — miockast 06/1acTh U ee TPAHAIA SBISETCS KPUBOM, 3a-
nIaHHoi mapamerpudeckn x = z(t), y = y(t), a < t < 3, BONPOC O HAXOKIEHUN
9KCTpeMAJIbHBIX 3HadYeHnii dbyHukunu f(x,y) Ha rpanune D CBOAUTCS K WCCITe-
JIOBAHUIO HA 9KCTpeMyM byHKuuu oguoro rnepemennoro f (x(t),y(t)).

IlpumMmepsl pemeHnus 3agad

IIpumep 6.1. UccrenopaTh Ha SKCTpeMyM (DYHKIHIO 2z = &2 + y? IpH yCIOBHR
x+3y—1=0.
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Pewenue.
1-it cmoco6. Cocrasum bynkimio Jlarpamka L = 22 +y? + Mz +3y — 1) u
ncesesiyem ee Ha skerpemym: Ly = 2x + A, L =2y + 3\, L =z + 3y — 1,

\ 1
rT=-—,

204+A=0, T LY
2+31=0,= _ %A y="5"
243y —1=0 y=0 10,
z+3y—1=0 /\:—5.

Haitnem mpomsBomHble 2-T0 Topsaaka u sammmmem muddepertman d2L(z,y)
1 " " 17
opu A\ = — Ly =2, Ly, =0, L, =2, d*L = 2dz* 4 2dy* > 0.

Tak kak d’L > 0, to dbynkuusa z = x2 + y? upu JAHHOM ypaBHEHHH
1 3
cBs3m x + 3y = 1 wmmeer B TOUKe M (10,10) YCIOBHBINT MUHUMYM, T.€.

(103N 1
Fmin = 219010 ) T 10

2-if cmoco6. Haiigem ycaoBHBIN 3KCTpeMyM MeTOAOM WCKIodenns. 113 ypan-
nenns ces3u & = 1 — 3y, rorma z(1 — 3y, y) = 2(y) = (1 — 3y)* + ¢2.
Haiinem crammonapHbie TOUKY ITOH DYHKIUH :

3
F=(1-3y)°+y>) =(1—-6y+10y°) =—6+20y, =0 upu y= o
Okcrpemym dyHkuuu Z(y) Moxer ObITh TOJLKO B TOYKE Y = —. U100bI

10°

BBIABUTDH PEATU3yeTCd JI SKCTPEMYM B 3TOH TOYKe, UCIOIb3yeM BTOPO# J0CTa-

TOYHBIN TPU3HAK: 2 =120 > 0, cremoBaTebHO, IPU Y = 10 byukuusa Z(y)
MMEET MUHUMYM.

3
W3 ypaBuenusi cBsizu * = 1 — 3y maiinem x npu y = —. Takum obpa-
30M, TOYKA CTPOrOro JIOKAJBHOIO YCJOBHOIO IKCTPEMYyMa MMEET KOOPIMHATDHI
1
<10, 10) IpM 9TOM yCJIOBHBIH MuHIMYM byHKINN z(7,y) = 22 + y? npu ycio-
+3y—1=0 L3 L
BUH X — 1 = 0 umeer 3HAYECHUE Zppip = 2 | —, — | = —.
Y min 10°10) ~ 10
IIpumep 6.2. UccremoBarsb Ha IKCTpeMyM (DYHKIIAIO

u=x34+23+...+22, (6.6)

opn yCJ‘IOBI/II/I
1+ To+ ... F+x,+1=0. (6.7)

Pewenue. Cocrasum dyskiuio Jlarpamxka
L=ai+...+22 +X(z1+...+2,+1) . (6.8)
Ucnonb3ys Heobxonumble ycioBus (6.5) cyliecrBoBaHus y HUCCIELyeMOi

dbyukuun (6.6) JOKATHLHOTO YCIOBHOIO 3KCTPEMyMa, HAIEM ee CTaIMOHAPHBIE
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TOYKM 1IPU HAJIUYMU ypaBHeHus cB:A3u (6.7):

oL
— =2 A=0,
8331 T1+
oL
— =2z, +A=0,
Oz, Tm +
oL _ +a2+...+ +1=0
BN =T ] Tm =0uU.
Pemras sty cucremy, Haxomum
1 1 1 2
Ty =——, Ty = ——, 3 Tm = —— A= —
m m m m

Takum obpazom, naxuas dyskima (6.6) npu Haguuum csa3u (6.7) umeer
€/IMHCTBEHHYIO CTAIIMOHAPHYIO TOUKY

KOTOpO#1 COOTBETCTBYET MHOXKHUTENb Jlarpamxka A\ = —.
m
YT06b! BHIABUTD, PEATU3YETCS JIM B HANIEHHON CTAIIMOHAPHON TOYKE JIOKATb-

HBII YCJIOBHBIN 9KCTPEMYM JIAHHOM (DYHKIUHU, UCIIOJIB3YEM JOCTATOYHOE yCIOBUE
CYIIEeCTBOBAHUS ¥ (DYHKIUU JIOKAJIBHOTO YCIOBHOTO YKCTPEMYMA.
Haxomuwm BTopoit muddepennman byuxuun Jlarpamxka

d*L =2[(dz1)* + ...+ (dzm)?]
IMockompky BTOpOiIt muddepennunan dyHkuun JlarpamH:ka BCErga MOIOKU-
m

TesnpHO onpenenen d2L > 0, Z(dzk)Q # 0, ro dyukuusa (6.6) npu HaTMIUK

k=1
11 )
csasu (6.7) umeer B Touke My | ——,——, ..., —— | YCIOBHBI{ MUHUMYM.
m’ m m
IMoxacrapnss koopauHarbl TOYKM B (6.6), IOMydYuM, 9YTO MUHMMAJILHOE

snavenne dbyukunu (6.6) mpu Haguunuu cBsi3n (6.7) PABHO Umin = l
IIpumep 6.3. HaiiTu naubosibiliee 1 HaUMEHbIIEE 3HAYEHUS DYHKITIH
2z = 22 +4xy — y? — 62 — 2y B 3AMKHYTOM TpEYTOILHUKE, OTPAHTICHHOM OCAMM
KoopauHAT ¥ npsaMoit 2z + 3y — 6 = 0 (puc. 6.1).
Pewenue. YacTHble TPON3BOTHBIE (DYHKIIAN:
zp =2x+4y — 6, z;, = dv — 2y — 2.
Haitem cranmonapuble TOYKH, pelas CHCTEMY

2l =0, x+2y=3, x=1,
{Z;:O :>{233—y:1 = y=1.
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Crauuonapuas rouxka M (1,1) upunajjexur paccmarpubaemoii obuacru.
Haiinem 3navenne byHkunm B 970i Touke: zpr = z(1,1) = —4.

Wccnenyem nosenenue byHKImy Ha rpanuie obsactu. OTMeTnM, 9TO TpaHU-
na cocrout u3 Tpéx orpeskoB OA, OB u AB.

Ha orpeske , npunamnexamem npsmoit y = 0, (z € [0, 3]), uccienyemas
bynxmusa npunuMaer sug, 2 = 2(z,0) = 22 — 6x. Oynkuua z(z,0) HempepbIB-
Ha Ha orpeske [0, 3], ciemoBaTesnbHO, OHa TPUHUMAET HA HEM HAaWMeHbIlee 1
HaubOJIbIIIeEe 3HAYEHNs, BHYTPH UHTEPBaIa (B TOYKAX CTAIIMOHAPHOCTH) WJIU HA
rpanuie. Touky crampoHapHOCTH HaiiiéM u3 yciosud z, = 2x — 6 = 0, oTKy 12
x = 3. Haiigennasi Touka crauuoHapuocTu umeer Kopauuars (3,0) u coBnasaer
¢ ogHUM u3 KOHIOB orpe3ka OA, a umenno, ¢ Toukoir A. Bnadenue QyHKIUU
B Touke A: z4 = 2(3,0) = —9. Paccmorpum ocrammiicst kKoren otpeska OA.
Buauenne dynkpn B rouke 0(0,0) : zg = 2(0,0) = 0.

Ha orpeske , mpuHajiexamem npsamoit ¢ = 0, (y € [0,2]), uccrenyemas
dbynkmua npunumaer sug z = 2(0,y) = —y? — 2y. Touky CTalMOHAPHOCTH
HalileM U3 yC/lI0BUdA z; = -2y —2 =0, orkyna y = —1. 3nagenne y = —1
JIEZKAT BHE PACCMATPUBAEMOrO OTPE3KA , CJIEJIOBATEIBHO, BHYTPU HHTEPBAJIA
CTAIIMOHAPHBIX TOYEK HET. Bhramcanm 3uavenwe (byHKINU HA KOHIAX OTPE3KA
OB. B touke O(0,0) 3nauenue dhyHruuu yxKe Haiigeno. Ocraercs paccMOTPETh
Toury B: zp = 2(0,2) = —8.

Uccrenyem  ¢dyukmmio 2z Ha  OTpe3ke Ha  IKCcTpemyMm. Urak,
z =z +43xy —y? —6x—2y upu 2z + 3y — 6 = 0. U3 ypabuenus cpasu

rT =3 - iy, TOrJa 2 = —Zy2 + 10y — 9. CranuonapHasi TOYKa HAXOJAUTCS

1 20
U3 YCJIOBUS zz’! = —?y + 10 = 0, oTkyma y = ITh [loacTaBnsasa HaitiameHHYIO
27

Op/IMHATY B YPaBHEHUE CBs3U T = 3 — —Y, HaXojuM abcuuccy: r = —.
2 . 19

27 20
Borancninm 3nadenne (YHKIUH B MOMYyYeHHOW Touke P ( ) € [A B]:

19719
_ 27 20 71
= \19°19) T 10
CpaBHuBas 3HadeHus PYHKUUKA B TOYKAX ,,, P U , HAXOMMUM:
2. =2(3,00=-9; 2z =2(0,00=0.
3agauyu OJid ayIUTOPHBIX 3aHATHUM
W13 cbopumka 3amaq [6]: 7.201; 7.203; 7.205; 7.213; 7.217.
3agauyum AJSI CAMOCTOSTEJbHOUN pabGoThl

W13 cbopumka 3aga4 [6]: 7.202; 7.206; 7.212; 7.214.

3anaTrue ceabmoe. KoHTposabHada pabora
" MuddepeHnuaibHoe ncynciaeHne QyHKIA
HECKOJIBKUX MepeMeHHbIX"

Bapmanr 1.
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2 (%Y
1. Tlokazarp, yro dyHKIHUT U = T @ (,,,) YIOBIETBOPSIET yPABHEHUIO
x T
ou . ou n ou 9
— — +z— =2u
or Yoy T 70

2. Uccnenosath Ha 3KcTpeMyM dynkimio z = 223 — 922 + 2y3 — 32,

2

3. IlokazaTh, 4TO MOBepXHOCTH Ty = 22 U x2 + y? + 22 = 1 OpPTOTOHATLHBL.

4. Haittu d?u qy1g w = zy + yz + 22.

Bapmanr 2.

1. Joka3a 018Z+18Z Z ec i ef on3
. Ka3arTh, 9T0 —— + —— = —, €C/I 2 = ——————, T1e f - mpoms-
zox  yoy y? fa? —y?)
BosibHAs auddepermupyemMas GyHKIUS.

2. UccrnenoBarh HA SKCTPEMYM (DYHKITIIO

50 20
z:xy—l—;—l—; npu x>0, y>0.

3. HaiiTn ypaBHenue KacaTeIbHOI II0CKOCTH 1 HOpMaJy s 2%/ % + 29/% = 8
B Touke M(2,2,1).

Y
4. Bamucarp d?z, ecmn z = xln =,
x

OTBeTsr:

—2 y-2 -1
2) Zunin(5,2) = 30; 3)z+y—4z:0,x1 :yl :2_4;

1 2
4) d®2 = ——da® + “dady — —dy? .
x y y

Perrenne IIepBOIro BapuaHTa

1. Haiinem gacTHbIE TPOU3BOAHBIE, 0OO3HATHUB Z - &, y_ n.
x x
ou _ 2 (09 05, Opn) _ 2 (09 2y, 9 Y
oz~ 2rel&m)+e (ag 9r "oy ox) " 2T e (-72) + a (2))
u_ o (0908 O0pOn\ _ »0p 1 _ 0p
oy ooy  omoy) o oz  Ton’
Ou_ o (0908 OpOn\ _ o (00 1 0p N _ 0¢
9z " <8§3z+ ano:) "\ z oy ) T 8
. Ou Ou Ou
IToncraBuB B JaHHOE ypaBHEHHE HAiJIEHHBIE 3HAYEHUSA —, —, —, MOJYy-
ox’ dy’ 0z

YUM:

%) Oy Oy Op 9
9020 — _ - - =9 =2u .
x5p —x2 xyan—l—a:yan—i—a:zag z7p(§,1m) u
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2. Haiizem uacrHble IPOM3BOIHbIE HCCIELyeMOil Ha 3KCTpeMyM (DyHKIMH:
2! = 6x% — 18z, Zy = 692 — 2y. CranmumoHapHbLIe TOUKY HA#IeM W3 CHCTEMBI

{ x(z—3) =0,
y(3y —2) =0.

1
Nmeem dwerbipe cramponapuble Toukn  M;(0,0), Mo (0,3), M5(3,0),

1
e (5.2).
Haiinem BTOpBIE TPOU3BOIHBIE: z;'x =12z — 18, z;y =12y — 2.
s Touxu M;(0,0) : Ay =z,,| =—18, B =0,C; =z
My

kak A = A1C) — B? =36 >0,a A; <0, T0 2max(0,0) = 0.
1
Mg rouku My (0, 3) : Ay = =18, By =0, Cy =2, A < 0. 9kcrpemyma B

1"

v, = —2. Tak

1

Touke Mo Her.
Hast roukn M3(3,0) : A3 =18, B3 =0, C3 = —2, A < 0. kcTpemyma HeT.

1 1
st Toukm My <3, 3) :A; =18, B, =0,Cy4 =2, A >0 = znin (3, 3) =

1
= 27—,
27

3. TlokaxkeMm, 9TO BEKTOPHI HOpMAaJE MOBEPXHOCTEH OPTOrOHAIBHBI B JIFOOOIT
ux obuieil Touke:

F(z,y,2) =2y —2*=0; F.=y; F.=x; F/ =-22.
Fi(z,y,2)=2*+9y*+22°—-1=0; F|, =2x; Fl,=2y; F,=2z2.
Jns mpousBosbHoit Touxu M (z0, Yo, 20) YPABHEHUSA HOpMaJeil TPUMYT BHT,

T—%o _Y—Y _ Z2— %0 T—%o _Y—Y _ Z2— %0

- - - - )

Yo T —22 T Yo 20

WX HAIPABJSIONIE BEKTOPDI {1 = {v0, 0, —220} m Uy = {Y0, 0,20}

Ycii0BrE OPTOrOHAIBLHOCTH BEKTOPOB:

lhilly <=l - by =0<= {1 Uy = Yoo + ToYo — 22(2) = 2xoyo — 22’8 =0 s
TAK KAaK 10 YCJIOBHIO LY = 2°.

HopMmanu opTOroHaabHbI, 3HAYUT U MMOBEPXHOCTH OPTOrOHAILHEL.
4. HaiizeM JacTHBIE IPOU3BOIHDBIE 2-TO MOPSIKA U 3AININEM BbIPAXKeHUE JJIst
muddepennuana 2-ro NOpsAAKa JAHHON (DyHKIWN:

" "

d*u = u;wdxz + uyydy2 + ugzdz2 + 2u;yd$dy + 2u;2d$dz + 2u,,dydz =

= 2 (dzdy + dxdz + dydz) .

47



10.

Crnucok jgurepartypbl

.Kyapasues JI. . Kypc mamemamuueckozo anasusda. Y 9€OHUK a1

CTYyAEeHTOB yHuBepcuTeroB u Bry30B. M.: Boicu. mk., 1981. T.1. 687 c.

.Kyapasues JI. . Kypc mamemamuueckozo anasusda. Y 9€OHUK a1

CTYJIEHTOB YHWUBEPCUTETOB M BTy30B. M.: Brrcmt. mk., 1981. T.2. 584 c.

. Wibun B.A., Tozusk 9.I. Ocnosv, mamemamuueckozo anaausda. T. 1. M.:

Hayxa, 1965. 572 c.

. Wnbun B.A . Tlozusak 9.1 Octosbr mamemamuueckozo ananusda. T. 2, M.:

Hayxa, 1980, 448 c.

.Byrpos dC, Hukonsckuit CM. Bucwas mamemamura.

Ludpdepernyuanrvroe u unmezpanvroe ucwucaenue. M.: Hayka, 1980. 432 c.

.ByrposdC, Hukoasckuiit CM. Bucwes mamemamura.

Lugpdepenyuarvrvie ypasnenus. Kpamuve unmezpansvi. Paov. Qyuxyuu
Komnaercrozo nepemennozo. M.: Hayka, 1981. 448 c.

. Mamemamuueckut anarus 6 sonpocar u 3adauar. PYHKUUU HECKOALKUL

nepemennvix. YdebHoe mocobue st cTyaeHToB By3or /| B.®. ByTysos,
H.Y. Kpyrunxkas, I"H. Mensenes, A.A. [ITumkun.; Iox pex. B.®. Byry-
3oBa. M.: Bercm. mk., 1988. 288 c.

. Cooprux 3adan no mamemamure oas emysos. 4.1. Jlunetinaa anzebpa u

0CHOBDL MAMEMAMUYECKO20 anasu3a. Y4ed. mocobue Jyis Bry3os / Boaros
B.A., Jemunosuu B.I1., E¢pumos A.B. u ap.; Ilox pen. Edumosa A.B. u
Hemunosuya B.I1.. 2-e uza. M.: Hayka, 1986. 464 c.

. Coopnux 3adaw no mamemamuxe das emysos. 4.2. Cneyuasvroie pasdenst

MAMEMAMUYECK020 anaiuda. Y1eb. nocobue s Bry3oB / Bonros B.A.,
Hevunosua B.I1., Edumon A.B. u np.; Ilox pexn. Edumora A.B. u demu-
posuua B.IL.. 2-e m31. M.: Hayka, 1986. 368 c.

Bpoumretia MI.H.,,Cemen asesK.A. Cnpasounuk no mamemamuxe
s umdstcenepos u ywauwuzrcs emysos. M.: Hayka, 1986. 544 c.
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